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Supplementary Materials

A Computation of the marginal joint longitudinal probit-normal model

We will sketch the derivation of (8). In order to do so, the random effects b; are integrated out of
the joint density of yy;, y,; and b;.

Because the elements of y;; and y,,; are independently normally distributed, conditional on the
random effects, we have for the marginal probability:
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Here, we have rewritten the variable t = s + Z3;b; and v; = y;; — X1;8. Further,

b.D b + (vi + Z10:))' S (i + Z1ibi)+(8 + Z2ibi) (8 + Zoibi) = (b — wi) K (b — w;) + v,



where
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Next, integration over the random effects produces

f(Y1,92, = 1)
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Further, write s — a;; = u, which results in
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Further, consider
Z1i I

Hence,
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Applying this result results in
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Now, consider
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Applying this result produces
F(Y15,Yos = 1) = &( X185 Vi) D(Xoif — i By).

Note that (8) defines the joint probability of the continuous response with a vector of successes of
the binary response y,;, = (1,1,..,1)’. One can derive the joint probability with an arbitrary vector
of successes and failures by applying appropriate contrasts. Precisely,

Y10, Y2 = mi = (mar, .. ,map,)']) = ¢(X1:8; Vi) (s 0 (X2i8 — ai); C o By), (16)
Where ¢ indicates pairwise multiplication. Further,

1 ifmyy is 1,
Sik = .
—1 otherwise,

1 if my = my,
Cikl _ ik ‘ il
—1 otherwise.



B Conditional distribution of the the continuous response given the binary response

B.1 Expected value

Let us derive (10), the conditional expected value of the n;-dimensional continuous subvector ffh’
given the p;-dimensional binary subvector Ys;. This is equal to the integral over Y71; multiplied by
the conditional distribution, which is defined as the quotient of (8) and (4).
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In addition, we have substituted s =t — H;¥y14, and further
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Integration over y1; produces
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with
T = B - (H;B7Y) Ei(HB)
F; = T, (H/B7')E(V, " Xup)
Gi = —F/T7'F+(XuB)V, (XuB) — (V; ' XuB) Ei(V; ' Xu).

In order to solve the first integral, we use the formula of the expectation of the truncated normal
distribution, described by Manjunath and Wilhelm (2012) in their Equation 17.
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where o0,F;(x;) and ¢(z;) are defined in (18).

It is important to note that (10) is conditional on a vector of successes (1,1,...,1)". In analogy with
this derivation, we can derive the expected value given an arbitrary vector of successes and failures
by using appropriate contrasts. The conditional expected value given an arbitrary vector is defined
as

Voo xp{—3Gi il T Y. A% v
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with
Xoiff* = 50 Xoif3
75 = J o Iy,

where ¢ signals pairwise multiplication and s is defined in (16). Further

1 if mifk is 1,
Jikt = _
—1 otherwise.

B.2 Prediction interval

The prediction interval of the expected values of a (sub)vector of the continuous response given a
(sub)vector of the binary response is composed by the variability of the observations (second central
moment) and the standard errors of the transformed parameters. We will first derive the second
central moment and then derive the standard errors via the delta method.

The uncertainty of a new observation is defined as the second central moment
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where we have substituted s = ¢t — Hyq4, and further

(1 — X1uB)'V;, NG — X1iB) + (s — Hys)' By (s — Hyy,) = (s — Un)' B Nghs — Us) + O,
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U = -—E,.

Now we can integrate over 414, applying the formula of the second moment of a multivariate gaussian
distribution:
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where J is the expected value of the truncated multivariate normal density, and N is the second
moment of the latter density. More specifically,

a = X908+ H; X0
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The above equations are deduced from Manjutah and Wilhelm (2012).
Agresti (2002) derived the distribution of transformed maximum likelihood parameters via the delta

method o <B <8G(ﬁ)) Var( B)GG_(@)
=35 o5

We will first sketch the derivative of the expected value with respect to a coefficient 315 of a predictor
X129 of the continuous response and next sketch the derivation of a coefficient 399 of a predictor Xoo



of the binary response.
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Next, for a coefficient 522 of a predictor X9 of the binary response the derivative is the following
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Next, the 95% prediction interval can be computed with the following general formula

E[ffli@% =1] - 1‘96\/E[(?1i - E[?li‘?jzi = 1])2] + %Var(ﬁ)—agéﬁ)v
E[Yai|gai = 1] + 1.96\/E[(ffh- — E[Yiilai = 1])2] N agé?)var(ﬁ) 8%(;) '
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C Conditional distribution of a subvector of the binary response given a subvector
of the continuous response

C.1 Expected value

Let us derive (10), the conditional probability for the p;-dimensional subvector of successes given a

subvector of the continuous response Y7;. Since the probability is equal to the conditional density,

this is defined as

O(X1ifB: Vi) ®(Xoi3 — i3 Bi) _
&(X1iB; Vi)

F(Yai = 1|3;) = (X283 — oy By).

C.2 Confidence interval

In analogy with Appendix B.2, the gradients of the transformed parameters can be computed by the
delta method in order to construct the confidence interval. First the standard error of a coefficient
B12 of a predictor of the continuous response X1, is derived:

Yo; = 1
102 ) _ Z’Ykk sz12z¢(dk)‘I’ " (d(k)) (21)
P12
with
~ = Diagonal matrix composed of the variances of B;
d = v Y*(Xf — Higri + HiX1:5)
Rp, 2By = (rzj)fzj .
4D = —ri—1,id; dz+1 Tit1,4d

( 7‘1@ Pi sz )
\/ 1- rlz \/ z 1,8 \/ z-l—lz \/ pz,

The (p; — 1) x (p; — 1)-dimensional correlation matrix Rgz has entries

~(3) Tir k! — T4 3Tk 4

T =
ik 2 2
VI= 1=k,

i=1.pp jok=1lop;—1

with
P if 7 <1 - k if k<1
’ J+1 ifj>i E+1 if k>

Next, the gradient of a coefficients 852 of one of the predictors of the binary response X5 is defined
as

F(Yai = 1|704)
022

where (21) and (22) have been derived from Prékopa (1995) p.204.

Pi SO
Z ’Ykkl/2X22¢¢(dk)‘I)RBi d®, (22)
k=1
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D Conditional distribution of a subvector of the continuous response given the
binary response and a subvector of the continuous response

D.1 Expected value

Let us derive (11), the conditional expected value of the continuous subvector Y1Z (Y Y2 Y )
given a distinct subvector of continuous responses le (vhype... Y *) and the p;-dimensional bi-
nary subvector Yzz. In the following calculations, superscripts will |nd|cate subvectors and submatri-
ces. The superscript a denotes the rows a; until a,, and the superscript b denotes the rows by until
bn,. Analogously, the superscript bb denotes the submatrix with rows by until b,, and columns by
until by,,. The superscript ab denotes the submatrix with rows ay until a,, and columns b; until by, .
Lastly, the superscript .b denotes the columns by until b,, from a matrix. The conditional expected
value is equal to the integral over f"; multiplied by the conditional distribution, which is defined as
the joint distribution of ¥3; = [V, Y] and Ya; divided by the joint distribution of Y, and Yz; :

BV, = 5492 =

/ggz:oo e (Y143 X185 Vi) @(X2i8 — Hyri + HX1iB; Bi) }d~a

J g =—00 e f(;glfzvg?%) "
SR )
1 /g‘fi=00 /t—Xzzﬁ—H gll’ +HX1;8 1 1
= = 2 — Uy,
¢ Jig=o0 Jt=—c0 (2m) "5 V/ViIB
119G = —1, | Y1
eXP{ —3 ([Jf] — XuB)'V; N Jf] X1uB) +t'B; )} Yydt
Yii Y14
1 (U= /3: Xoif+HX1:f 1 1 ~a
= - ng+ny+p; yl‘
c g, =—00 JS=—00 (27T)(+72b+p) V |V;||BZ| )
1 ge. 7o, » 7o, - 7
exp{ - 5(( [”1:] = XuB)V (|| = XuB) + (s = H | 0B (s = H | 7)) pdgfds
Y14 Yii Y1i Y1
1 Yy, =00 /8=X2iﬁ+H)?1iﬁ 1 1 ~a
- - na+np+p; y]-
T P— (2m) B VB Y

expd — & (%‘ — ) E; 1 Vil 0; ) Ydg®.d
p 5 ’yb Uz) i ( ’gb uz) + O; Y1;98,
17 1%

c = f(gll’i,ﬂm-),the marginal joint distribution

where

s = t—th-.




with

E;' = H'B'H+V!

I, = —'B7'H - XyupV;!
Oi = §Bl's+ X8V, ' X1b1 — (—H'B; 's — V. X081 Eo(—H'B's — V71X, 81)
U; = —Eili.

Integrating over y{; results in
ajyvb _ ~b ~
EY{Y1; = 415, Y2 = 1]

B 1 /S:X2i/@+H}ZIi/B 1
S

€ Js=—00 (2m)=2
1 S=X9;8+HX1:f 1 E.
N _/ Gt | d (uf + BB (g5 — ul))
§=-00 (2m) = Vil | Bi| | E|

exp{ - % <(s —-F)T; (s - FZ-)—i—GZ) }ds

where we have subsituted O; + (9%, — u?)/(E?) "1 (g%, —ul) = (s — F})'T; (s — F;) + G,

with
T = (B HB)/(EY) B HLBY) + By — (HB) Ei(H/B)
P - E-((EiHéB Y )@, (Ez'V_ll?uﬁl)b)+(H£B{1)’E¢(Wlfuﬁ)>
G; = (ﬂi’i—(Ei%_lfuﬂﬁb) (Ei-’b»‘l(ﬂ‘;i—(Ez'v—l)?um)”) FT'Fy +
(X1,8)V, Y (XuB) — (V71X ,8) Ei(V, 1 X1,8).

Integrating over s results in

1] = ¥ VIBT] o

ny
c(2m)= \JIVill Bl B

{((Eiv_lfﬁzﬂl) + E(E™) " (yb, - (Ez’V_l)Nfliﬁﬁ)b))

EIY255, = 3%, G2i = (X8 + HX1,8, F,, T))

+ <(EH/B—1)a —Eab(Ebb)_l(EiHBi_l)b)

X

<Ti [— Fi(o1) —Fa(o2) .. —Fylop)] + Fz’)) }
where o0,F;(x;) and ¢(z;) are defined in (18).
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1

(11) is conditional on a sequence of successes (1,1,...,1)". The expected value conditional on a
arbitrary vector of failures and successes can be derived with appropriate contrasts. Given an arbitrary
vector of failures and successes, the conditional expected value equals

- L e~ 0-5G; /BT S -
EY3YE =95, 9] = g BT O( X9 8" + HX 1,8, F;, T)

b
o2m) ¥ \/|Vil| B | Y

<(Ez’V_1)~(1iﬁl)a + E®(E®) (g8, - (EiV_1)~(1iﬁl)b)>

+ (EH/B—l)a _ Eab(Ebb)_l(EiH/Bi_l)b>

/N N/

T;[ - Fi(o1) — Fa(o2) ... —Fp(op)]+ﬂ)>},

with
Xoiff* = 50 Xoif3
75 = J o Iy,

where ¢ indicates pairwise multiplication and s and J are defined as in (16) and (17) respectively.

D.2 Prediction interval

The prediction interval of a subvector of continuous responses conditional on another subvector of
continuous responses and a subvector of binary responses is defined analogously to Appendix B.2.
We will first derive the second central moment of the conditional distribution and next derive the
standard errors of the transformed parameters.

14



The second central moment of (11) equals
E [(?fz ~ BIY[5%; 92 = 1)) (Vi — B30 G2 = 1])’}

Y= [ ~ . ~ / N
= / [yi‘i — E[Y29t,. g2 = 1]] [y‘fi — E[Y29%,. g2 = 1]] (%198, y2s = 1)dye,
Yy

~a _
15— O°

y11—+oo -~ ~ . ""b -
= /~ Y1iy1i [(Y7;|U74 Y2i = 1)
ya

1=

_E[Y |y1z7y2i = I]E[ |y11,7y22 = 1]’f(§11|y11,y21 = 1)

(yh’E[Y“ryh Toi = 1) + BV, Gai = 11@;@') @G s — 1)dT,

Yyy; =100 _ _ ~ _ -~ _
- /~ YUy FL10E U2i = 1)dgy; — EY350, y2i = UEYS58,, ¥2i = 1)
ya

1= X

ylz

ylljf,, 1 1 ~a ~a /
Y14

1 ?7111':00/
= - nag+n 4 zy
€ Jggi=—o0 Jt=—co (2m) P VB
. ] — X1:0) + t’B;1t> }dyhdt

o[ 5o 3

14

t=X8-H +HX 18

[Y |y1z7y21, — I]E[ |y11,’y22 — 1]/

1 gfz:oo/ =Xoif+HX 13 1 1 0 ~a
= _ p—— ~7; y y .
¢ Jigi=o0 Jo= o (2m) "B VIIB T
1/ 1y y Y| v Y1, ~
Xexp{—§<([ “] X1B)'V, Y 12] XuB) +(s—H [Mllj VB (s —H | ') ) rdyt;ds
o1t Ut Y1i Y1i
_E[Y ‘yl{ng'L - 1] [ ’y]_q,?yzl = 1]/
1 [Y1i=° /S—Xzz,@-f—HX:uﬁ 1 1 0 ~a
= - S Y1:Y14
¢ Jgg=—c0 Js=—co (2m) B VI[B T

0 i o
~},2] —u;) + Oi) }d’yhds — E[Y25%;, U2 = 1E[Y2|GY;, G2 = 1],

ylz
where
c = f(gll’i,ﬂzi),the marginal joint distribution
S = t_Hgli-
Further,
ga'l, v — ga'l, ga'l, — gai gai — ga’l:
([;)]—Xuﬁ)’vi t 1] —X1;8)+(s— H[ LB (s—H [ﬂl} )= (| ZaF—u) BN (| 4 —u) 40,
Y1i 9% 9% Y1i Y1i Y1i
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B = H'B7'H+V!

= —¢'B7'H - Xyu8,v,!

OZ' = S/Bz-_ls + 5(:11‘51‘/;_1)?1#31 - (—H'Bi_ls - ‘/;_1)?1¢51)/E(—H/Bi_15 — ‘/;_1)?1¢51)
U; = _Ezlz

Applying the formulas of the conditional mean and variance in the multivariate normal distribution,
integration over y{, results in

E[(ioi - [ |y1z>y2% = 1])( E[ |y1i7g2i = 1])/}
1 S=X2if+HX1:f3 1 E. _
-/ e L e+ (o B )
€ Js=—co (2m)2 Vil Bil
/
2 (LL + Eab(Ebb) (y11, f)) }qb(ylzv( szbb)eXp{__O }dS

_E[~a‘§gw§2i = 1]E[?1%’g$7;7?72i = 1]

1 S= X22/B+HX12/B ]_ E
! JIE {Efa—E3b<E§’b>-1Efa+(u (Y (G, — «3))

= 2m) 2 /IVIIBA

X (u + BB (g8, ub)>/}exp{ — %((s — F)'T (s — F;) + Gi> }ds

[ ‘y1z7y2’b = 1] [nygl{i)?jﬂ = 1]/~

Here we have rewritten ¢(g%,, u?, E?®)exp{—30;} = exp{ <(s — F)'T, Ys - F;) + Gi), with

7 = (B B Y E®) N EH' B + B — (B B;(H'B;)
F = Tz"((EiH’B NP T - (Eivz-—lffum)b)+<H’B;1>'E¢<V{1X“5))
Gi = (gi'i—(Ez'V;_l)?uﬂﬁ)(Ebb) < — (B~ Xlzﬂl)) F/T'F +

(XuB)'V; {(XuB) — (V' X1uB) Ei(V, X 1),

16



Integrating over s results in
B\ (V- Bk 7o = 1))
= y(B - E(ED) T EN) + u{(EiH’Bi_l)“<N ) (EH B

+H(EH' B T (X1ib1) Vi Ey)® + (B V, X1361) ) (B H' B ) + (Ei‘/;_l)?liﬁl)a(EiVi_l)?li/Bl)a/}
+u{(EZ-H’B;1)“J<~‘1’i - ((X'uﬁl)/vflEi)b) — (Ez'H/Bz-_l)“<N + JJ’) (E;H'B 1)
HEV  Xiph) <.7711)z - (()?1@31)/‘/[1&)[7)/ - (Einl)?uﬂl)GJ/(EiH/BZ'_l)b/}(Efb)_lEfa
+VEfb(Efb)_1{ (?71111 - Ei‘/;_ljzliﬁl)b> (X1,81)'ViE))® — (EiH/Bi_l)bJ((X:liﬁl)/ViEi)a
+ (ﬂll’i — BV Xyub )b> J(EH'BT) — (BEH'B) (N + ) (EiH’Bgl)a’}
+1/Efb(E§’b)1{(EiH’B[1)b(N - JJ’)> (B;H'B; ") — (E;H'B; *)*J (g‘;i — (Eim—l)?uﬁl)b>/

!
- (531 - (Ez‘Vlelzﬂl)b> J'(E:H'B; 1) + <?7§’z - (Ei‘/}_leiﬂl)b> (glljz - (Ez'V}_leiﬁl)b)> }
X (E) B} — EY3|9%, U2 = 1E[Y3|0%;, 92i = 1],

with J as the expected value of the truncated multivariate normal density, and N is the second central
moment of the latter density. These are defined in (19).

The standard errors of the transformed parameters are derived analogously to Appendix B.2 with the
delta method. The derivative of the expected value with respect to 512, and arbitrary coefficient of

17



a predictor of the continuous response X9 is the following

EVEghga=1) _ 1 VB |,
o @m) ¥ Vil B D

{(Ev1Zus) + BPE) 7 @ - (BV Xup)"))
T (

A®(Xpi8 + HX1:8, F;, Ty) (23)

E;H'B7 ') — E“b(Ebb)_l(EiH’Bi‘l)b>
Ti[ = Fi(a1) —Falaz) ... —Fy(ap)]+ Fz’)) }
- 66_0.5%{ (V= XuB) + B (ED) (3 — (BV T X))
v (s - E”(E””)*(EZ-H'B;l)b)E}
+ e OCD( X8+ HX1i8, Fy, ﬂ){(EiV;l)af(m — Egb(Efb)—l(Eiv—l)b)?m}

+ Ce—O.5G{ ((EiH/Bi_l)a _ Eab(Ebb)_l(EiH/Bi_l)b) V}

056 (Xoi 8 + HX 1,3, Fi, Th)

X

{ ((BV " K0iB0) + B2 (B (@, — (BV T X))

(E;H'B; 1) — B (E)~ (EiH’Bi_l)b)

N

T‘z F1 a1 - Fg(ag) —Fp(ap)] +E))} 5

with
A = _e—éG{(ggi—(Ev—lfcuﬁl)b)'(Ebb)—l(Ev—l)?m)b)
+ XuB VT Xig — (VT X081 BV T X g — Fz'Ti_15£}

T2 (Hy Xooi — F) o [(Xai + HX1iB — i)y Tie] @701 (0),

7

@
Il
7

=
Il

1
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with

The (ﬁz —

with

Further,

gk ()

Next,

5§ = T, ( C(EH B EDY BV K+ <H’Bi1>’Ei<vi1)?m>)

I" = Diagonal matrix composed of the variances of T;
v = D7V3(XpiB + HX1if — F)
Ry, = T7V2I0 Y2 = (r)l
g(z) _ < — T zZz Zz‘—l - T'z'—l,iZz'7 Zi4l — 7’1'_;_1’@'2@" » Zp; — Tﬁi,izi>
Vi i \/1 — 7T \/1 — 112,

(1)

1) x (p; — 1)-dimensional correlation matrix 2}’ has entries

~(3) Tir k! — T4 4Tk 4

T =
ik 2 2
VI=ra 1=k,

i=1.pi; G k=1l..pi—1

PR if g <1 o k if k<1
/ j+1 ifj>i E+1 ifk>i.

Pi
Z(HiXmi +0:)kgr(ar) + (X2 + Hi X 18, F;,T;)d;1,
k=1

Xoiff + HX 183,
ai Ai—1  [Git+1 ag; , ,

/ Ce / / Ces / [xl..xk_lak:rkﬂ..x@] ¢([$1..$k_1ak$k+1..l’ﬁi] ,Ti)da:_k.
—o0 —o00 —oo —00

7 (k)

— * * * R * T
S v P HEX b [(XoiB — Hi Gl + HE X200k, B @ 75 (d9) (g8, X108, V) (24)
k=1

(I)(ngﬂ - ylz + H*X1Zﬂ7 B*)(ylz Xlzﬁ)/(vibb)_lem(b(ylz? Xlzﬂv Vbb)
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where

BV = I ZyK}Z),

K70 = DN Z(50) 2y + 2y Z,
Hf = —BZyK;zZ",(=)"
~v = Diagonal matrix composed of the variances of B}
d = v YA Xy — Hiyb, + H X058)
Rp; = v '2Biy2 = (riy)iie
d® = <d1 —1r1,d; di—1 —ri—1,di dig1 — rit1id; = rﬁi?idi)
VI—7iy Vi i1 V1= Y L=r3,
The (p; — 1) x (p; — 1)-dimensional correlation matrix f?gl has entries
. Tit ot — Tit 3T 4
G UNNS ks 411 F S U RU N SO S

\/1 — r]z,yi\/l — ri,yi
with
Y if 7 <4 . k if k<1
/ j4+1 ifj>4 E+1 ifk>q.

The derivative of the expected value with respect to a coefficient S99 of a predictor X9o of the binary
response

EYE 98,920 =1) e %% /BT
np
- A\ villBi

(’w{ ((E¢V‘1)?1¢61)“ + (25)
BER) @t~ (B K ) + (Bl B - BB BB )

X (T [~ Fi(a1) - Fala) ... — Fplap)]+ E)) }

+ { CEISE Efb(Efb)*(EiH'B;l)b)c}

O(Xnf + HXB, B m{ (BT + ) @t - (B Rum)))

w (s - B )

9

(Tz’[—Fl(al) — Fy(a2) .. _Fp(ap)]‘i‘ﬂ))}
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with

(24), (24

),

Z Xémkgk(ok)
k=1
k) .
¢( Y14 X1z5> V‘bb Z'Ykkl/ X22zk¢[(X2zB H*yh + H:X{)zﬁ)kv Bkk] (I)RBi (d(k)),
k=1

AP
X22zk¢ (21,)® % (2 (k))»

it

k=1

(26) and (26) have been derived from Prékopa (1995) p.204.
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E Conditional distribution of a subvector of the binary response given a subvector
of the continuous response and a subvector of the binary response

E.1 Expected value

Let us derive (12), the conditional probability for the p,-dimensional subvector of successes ffz‘,f
given a subvector of the 7n;-dimensional subvector of continuous responses th, and a pp-dimensional
subvector of successes Yzl?i.ln the following calculations, superscripts will indicate subvectors and
submatrices. The superscript a denotes the rows a1 until a,, and the superscript b denotes the rows
b1 until pp. Analogously, the superscript bb denotes the submatrix with rows by until p; and columns
b1 until py. The superscript ab denotes the submatrix with rows a; until a,, and columns b; until

Py-
Since conditional probability is equal to the conditional density, the conditional probability equals the

joint distribution of Ya; = [Y Y %] and Yh divided by the joint distribution of Y7; and Y'22

O(X1:0; Vi) ®(X2i3 — Hi(Y1; — X1:8); By)
¢5(5§111ﬂ; Vz)q)()?é’zﬁ - sz(i}lz - Xliﬂ)? szb)
®(Xo:8 — Hy(Y1i — XupB); By)

O(Xy8 — HY (Y1 — X1,8); BY)

fYE =1Y1;.95=1) =

where Xo;8 = [X%8, X1.8] and p; = pa + ps-

E.2 Confidence interval

In order to construct the confidence interval, the standard errors of the transformed parameters can
be computed by the delta method. First the gradient of a coefficient 512 of a predictor of the
continuous response X2 is derived:

Ye = 191,92 =1 pi AR - ~ ~ ~
e é‘;fi’i; = ) B <Z’Ykkl/2HkX12z¢(dk)‘1’RBi (d(k))‘l’(Xgiﬁ — H*(Y1; — X1:0); @8)
k=1
17? 1 , G)
— b = -~ =5
- / Hp X19;¢(dy) @ et (A" (X8 — H(Y1i — X1:8); Bi))
k=1

-2

<‘I)()~(§¢/B — H'(Y1; — X1,8); be)> ;

X

where v, d, Rp,, d) and RJ(B? are defined in (21).

Next, the gradient of a coefficient 529 of one of the predictors of the binary response Xy, is defined
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as

}A}G: = 1 ] LX) Nb' - 1 51 — R~ v ¥ Y
1Y 8@:2 ol - (Z 7kk1/2X22ik¢(dk)(I’RBi (dM)d(X5,8 — H*(Y1i — X1,8); BE)
k=1

PO - -
Z Vin 2 X 8ol Hep (M) ®(X2:8 — H(Y1s — X1,8); Bi))

X

—2
(@(X'Szﬂ — H(Y1; — X1P); be)> ;

where (26) and (27) have been derived from Prékopa (1995) p.204.
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F Computation of the correlation of single responses

In this section (13) will be derived. Because the elements of Y'1; and Y »; are independent conditional
on the random effects, we have for the expected value of the product:

EY14;Yaik]
= Ey, [E(Y1ij, Yoir|bi)]
= Ep,[E(Y1ij]bi) E(Yair|bi)]

= Ep,[(X1;8 + Z15bi) - (X358 + Z2ibi)]

oo q [t=X5;B+25,,bi 1 1
= / / expd — = (blD71b; + %) (X1, 8 + Z1,:b;)db;dt
() G D] 3% ab+ 2y

o0 =—0
_ ( +00)q s=X4,,8 1 _ l(b’D_lb- Y (54 2 bi)2) Y(XL B+ 7L dbds
B o ——so  (2m)1/2|D|1/2 o A i+ (5 + 29,0 13 1401 )dbids

A = : )}
T e S @oD VI P 2\ = (Z(D Zai ) o))
1 _ -
(28)

Here, we have rewritten the variable t = s+25., b; and b, D~ 1b;+t>=(b;—k) (D '+ Zoix Zb,,.) 1] 71 (bi—
k) + 2 where

S
(1_(Zéik(D71+Z2ikZéik)71Z2ik))_1/2 )
k=—(D7' + Zyy Zoin) " Zyys

Next, we integrate over the random effects, which results in

EY1i;Yaik]
[ e 5 : )}
= expl — —
s——o00 P 2\ (1 = (Z};, (DY + Zoiw Zby.) ™' Zor) )~ /2
1 1 1 1
<]D\1/2\/27r 1JB|D—1 + Zoi Zhy |12 T TN D|V2 2w | DY+ Zoy Zhy, |12 )
_ Xbih
L2 Lo < 1 / 1 )
- L o —— X! B—)d
/1;:_00 eXp{ 2“ } ‘D’1/2 o 1Z]B‘M’1/2 U
u— X318

e | 1 2 / 1 1 1
L —sut | 21y M Zyy) )d
+ /u:_oo UeXp{ 2“ }( 1Zj‘D’1/2\/ﬁ ]\j— 1/2( 21k) u
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Here, we have rewritten the variables

S
[—1/2°
L = (1= (Zyy(D™" + ZoirZoiy) " Zair)),
M = D'+ ZouZby.

u =

Next, integration over u produces

1 1 1
’D‘1/2 ’M‘l/2 L1/2

1 1 1 _
E[Y1;Yai] = X{ij,ﬁq)(Ll/QXéikﬁ)-i-WsziijM Y Zoind (L2 X3,,.).

Hence, the covariance equals

1 1 1
\D[Y/2 | M[\/2 [1/2 o

1 1 1,
[DIV2 {2 L

Cov[Y145Y2ir] = ( 1) X1,;80(LY? X5,,.8)+ M~ Zoin (LY X5, 8).

As a result, the correlation is equal to

(WW# - 1>X1¢j5@(L1/2X§ik5) + i e 1AM Zand (L2 X0, )

PY1i5,Y2ik =
(2]
1ij

DZyjj + $ij) (L2 XY, B)(1 — ®(LY2 XY, B))
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G Correlation of vectors of responses

Let us derive the Lnanifest variance-covariance matrix between subvectors of the two responses }711-
of length 7; and Yo; of length p;. Since the subvectors are independent conditional on the random
effects, the expected value of the product equals

E[Y1;Y%]

(X]458+Z1ib:)

— Zoib: 7 —1p. .
_ (/+00>q</t—Xéik5+Z2zbz) WW&XP{ (b;D bl-f—t,t)}dbldt
t

—00 =—00

~ ~ Z1;b; _
(/+oo >q</t:Xéik/B+Z2ibi )pi(z,,r)(q-k—ll)l/ngll/Zexp{_é(b;D 1bi+t,t)}dbidt
t

—0o0 =—

~ ~ ~ — /
+ X018 |0(XLp, ) B(X38) . o(XEis, L)
</ oo q</s X21k5>p1(2,,)(tzﬂ)/2|[;|1/2e><p{ <b;D_1bi+(S+22ibi),(S—l—Zzibi))}dbids

~ /
+X!.8 [@ (XLB, &) ®(X48, 1) .. ngﬁ,le)}

- T Ng 1 7 fSS_ngbexp
B (/Oo ) (2m)(@tD/2|p[/2 7"

- -/
[=555 bexp D7'b; + (s + Z4,bi)? ) tdsdb;
D 1b; + (s + Z2b;)? | pdsdb;

= Xzﬁbexp -3

S§=—00

b;D~1b; + s+Z§;b) )}dsdbi
p
2

+ X018 [ B(XL6, (L) S(RZA, (L)) . (LB,

z

fs:X%ﬂ biexps — % b, — ul)/El_l(bl' —u1) + O1 | pdsdb;

S§=—00

o0 ¢ 1 7 f;::fi%ﬁ biexpy — 3 ( b — ) By (b — ug) + Oq ) dsdb;
( / o ) (2m)(@tD/2[p[i/2 7"

fs——ozéﬁ b; exp{ ) (bz - uﬁz)/Eﬁ_ll(bl - uﬁz) + O@) }dsdbz

+X8 [@(XL5, (L) (RE8 (L) . (REA (L))

where the superscript denotes the row of the submatrix. Here we have rewritten the variables
t = s+ Zoib; and b,D b + (s + Z4bi)? = (b; — ug, ) E~ (bi — up,) + Oz, with
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Bl = ZP, 7k 4 D,

pi
2 ZDil (D N\
Opi = 5= (Z lQiS)EPi(ZQiZS) )
. _[p.-glbi
up, = —Lk5 25" s.

Next, integrating over b; produces

E[Y14;Yaik]
=/

fszX?liB]Elll/Qulexp — 101 pds

8§=—00

fS:XSiB’EQP/ZLLQeXp _%02 ds

8§=—00

1 .
- (27T)1/2|D|1/ZZ”

S§=—00

_%bi
i 1 IEﬁill/z%iexp{ - %O@}ds
HXL0 [0(X58, £ (R3S L) - @(REA )]

[ 2 2y sened (0 - 2871505 s

s=—00
1 [N By 12 By 7% sexpd — (51— 225,225 ) bd
~ s=—00 2 247 9;S€XP 2(* 214247 9;)8 5

(27)1/2| D|1/2 Z1i

JSE 2 o] (0 = 2B 2705 ) s

+ X8 [a(Xhs ) B(XE6F) . (XEA )]

- -1
A |E1|E1Z1,2i¢(X21iB' 1- Z21ZE1Z1/2¢) 1- Z21ZE1Z1/2¢)

< -1
_ 21 vV ’E2’E2Z2/2i¢ <X22i6 Y 1- Z%iE2Z2/2i) (1 - Z22iE2Z2/2i)
V1D
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Hence, the covariance equals

-1
AY ’E1’E121/2i¢ <X21z'5 /1 Zzlz'Elzllm') (1 - Zzlz'EIlezz‘)

-1
Vv ’E2’E222/22¢<X22i5 /11— Z%z‘EZZZ/%) (1 - Z22iE2Z2/2i>

BRI 20 XG0\ 1~ 2 204, ) (1 - 2 274,
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