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A. COMPUTATION OF THE MARGINAL ORDINAL RANDOM-EFFECTS MODEL

We will derive the marginal density of the ordinal random-effects model (3.4).
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Here, . denotes the vector of thresholds for category c. In addition, the variable ¢ is rewritten

ast = s — Z;b; Next,

bgDilbi + (S - Zibi)/(S — Zzbz) = (bt — az)’Kl(bl — az) + <i7
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where
K, =D '+ 7.z,
a; = K;lZ;&
(i =-a;Ka; + §'s.

Integrating over b; results in the following:
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where we have written L; = I — Z,K; ' Z'.

Now, consider:

K, Z
zZ, I|°

Then
K| |1 - Z,K;7'Z}| = |I|- |K, - Z}1Z,|

\K;||Li| =D~ + Z,Z; — Z,Zi|

|Ki||LiHD|:1'

This result produces
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B. COMPUTATION OF THE MARGINAL JOINT LONGITUDINAL NORMAL—ORDINAL(PROBIT)

MODEL

Let us derive (3.5) by integrating out the the random effects &, of the joint density of yy;, Yo,

and ;. Since the responses are independent conditional on the random effects &, , we can write:

f(Y1i:Y2 < ©)
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Here, ~. denotes the vector of thresholds for category ¢, which can, but is not necessary equal
for each timepoint. In addition, the variable ¢ is rewritten as t = s — Z9;§; and n; = y,;, — X 1.6

Next,

ED T+ (0 — Z18) S (0 — Z1i€) + (s — Z2:8,) (s — Z2i€y) = (& —wi) K71 (& — ) + 1,
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where

u; = — Kl

K '=D '+ 2,572, + 2\, Zs,
U =-ni2"'Zy; — ' Zy;,
vi=n\E ', — UKl +5's.

Further, integrating over the random effects results in

f(ylia Yoi S c)
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where v; = (s — ai)’ﬁ;l(s — ;) + ¢, with

o = 5iZ2iKiZ/1iEi_177iv
&' =1—2ZyK,Z),,

ci =o€ oy + (ST - 37 20K 2,5,

i

Next, denote u = s — «¢;, which produces

_ |Ki|1/2|£i|1/2 —C

J(W1i, Y2 <€)

Now, consider:
K Z’gz}
Z9; I
Then
\KG| ™ [T = Z9i K Zh,| = || - | K[ — Z5,Z5]
K| 7'&™ = D7 + 2,3 Zy

|K|Y2 eV = DT + 20,3 27V

(s —a;)+ cl} }ds,
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Applying the latter results in the following equation:

|D_1+Z/Z-Ei_1Z1i|_l/2 —C;
F(Yri:Y2: <) = |D|1/2(2;)ni/2|2i|1/2 eXP(T)‘I’pi(’Yc - X283 — a;,§;).

Next, write

i =ny(S; =272 K (K + Z5,6,Z5) K, 2,3
Ci = ngWi_lniv

Wil=3"-S7"Zu KK + Z4,¢,Z3) K, 25,57

Further, consider

2
Z1; I |’
Hence,
D7 [+ ZuDZy| = 5| - D™ + 21,57 Z4.
Hence,

1 1

|D\2|E V2D 4+ 2,2 Z| 2 |+ ZuDZY [
Applying this result results in

|W|1/2
|Vi|1/2

F(Y15,Y2 <€) = (X 1B W) P(ve — X2iB — a3 ;).

Now, consider

D'+ 74,2+ 2,3 Zy; — Z4Zoy =D + 2,371 Zy;

D™ 4+ 2,29+ 257 20 — Zh (I — Z9 K Z, + Z0; K Z) Zoy = D' + 2,371 Z;.
Inserting &; ' =T — Zo; K, Zy, and K;' = D' + Z, Zo; + Z,%; " Z1; results in

Ki' = Zy(&7" + Z2K, Zy;) ' Zoi = D™ + 24,271 Zy;.
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Next, taking the inverse of both sides results in
K+ K Zyt,ZyK; =D '+ 2,27 Z;)7!
KiK'+ Z3€,Z5)K; = (D™ + Z,57 Z0) ™!
S-S Z0KK + 206,25 K 25T =357 - 57 2u(DT + 20,57 Z20) T 20,5
Since V' =% - 2717 (D' + 2,271 Z,;,)"1 2,2, this results in
vil=w;"

Applying this result produces

f(y1i7y2i < C) = ¢(X1iﬂ§ Vi)q)(’Yc — X0i3 — ai;gi)'
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C. CONDITIONAL DISTRIBUTION OF A SUBVECTOR OF THE CONTINUOUS RESPONSE GIVEN

THE ORDINAL RESPONSE(S) AND CONTINUOUS RESPONSE(S)
C.1  Expected value

Let us derive , the conditional expected value of the continuous subvector ?Zi:(Yc‘zl Yo .. Yore)

ci )ttt

. - . 0 br .
given a distinct subvector of continuous responses Y ,=(Y' V2, ..., Y,”"*) and the ordinal sub-

ci v ted
vector 17},,- of length p;. Subvectors and submatrices will be indicated with superscripts; the
superscript a denotes the rows a; until a,, and the superscript b denotes the rows b; until b, .
Analogously, the superscript bb denotes the submatrix with rows b; until b,,, and columns b; until
by, - The superscript ab denotes the submatrix with rows a; until a,, and columns b; until b, .
Lastly, the superscript .b denotes the columns b; until b,,, from a matrix.

The conditional expected value of f’:l can be calculated via integrating 17:; out of the product

of 17:1 with the conditional density
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where
c= f@gi, Ubi ), the marginal joint distribution
Further,
([gff_] - X Vi [’igf] - X)) + (~H, [?igf] VB (—H, [?igf} )
~a / ~
( [yg’} — ul) E;7Y( F{g@} —u;) + Oy,
with

E;'=HB;'H; + V'
Il=—s'B;'H, - X,8'V;!
O;=8B's+ X,V 'XuB— (—H'B; 's—V;'X,8)E;(—H'B;'s — V. 'X .3)

Integrating over y& results in

E[Y2IYS =92, 9 <

- 1/—Wcibiﬁ+H’ii“'i’6 1 \/@ (C.2)

€J=co (2r)% VIVl Bil
((u? + ES(EP) N (gh, — ub)o(gh, ul, Ei’%)exp{ - éoz}d

1 =v.~XpiB+H X8 1 |Ez| . . o
c / Gitry) VIE] (uf + B (B) " (gg; —u)))
- (2m) \Vil|Bi||E}"|
1<_F

i)+ Gi> d.
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where we have substituted O; + (g5, — u?)’ (EY)~ Yyl —ul) = (s— F,)'T; (s — F;) + G; with

T;' = (E;HB; ") (E")"Y(E;:H,B;')" + B;' — (H,B;')E;(H,B; ")
F;= Tz‘((E H B (EY) " (g — (EiV;'XuB)b) + (H;B;I)IEi(V;I/Xciﬁ))
G = (ﬂ” C(BVR.8) ) (B ( C(BVR.8) ) s

(XB)ViH(XuB) — (Vi'XuB) Ei(Vi' X uf).

Integrating over results in

- - " _ 6_0'5Gi /Ei Tz' . o
EYS|YS =42, Ui < ] = L Ll Ibb Py, — X8+ H, X8, F;,T;) (C.3)
AL = VIVl | Bil | B

{ E V_lXcz/@) Eab(Ebb) ( (E V 1Xc7,ﬂ) ))
+ ( (B.HB;)" E?b(E?b)_l(EiHiBi_l)b>

X

7 N\

T, F1 01 7F2(02) 7Fp(0p)] +Fz)},

where the last factor equals the expected value of the truncated normal distribution with variance

T;, mean F; and limits |—o00; 0o + F';] . More specifically,

0:7C*lebi/6+HifX/ciﬁ*Fi

Oi+1
SU1 / / / / 1’1,...l‘i_l,l',l’H_l,...‘Tﬁi)dxﬁi,..dl’H_ldiEi_l...d(ﬂl,

(2.T) for & <~,— XpB+H; X .0— Fi,
p(x) =

D(y.— Xbu@-i-H X iB—F;,T;)’
0, otherw1se.
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Now consider,

T;' = (E;HB; ") (E")"Y(E;H,B;')" + B;' — (H,B;')E;(H,B; ")

-1 = > -1
B, H,=Z,K,Z_ 3,
Further, define

M, =ZyK;Z (3!

M, = ZbiKiZi;(E?b)*l
Since ; = 021 and the fact that Z e and Zbi are design matrices
(E;H,B;)" = M,E" + M,E™
As a consequence,

T;'= M,E"" M, + M,E“°M’ + M,E“° M +
M.E"(E]")'E"M,+ B;' — (H;B;')E(H;B;")
Further, by using the inverse of partitioned matrices,
(BP)~1 = (E7YY — (B (B Y)Y (B,
we get the following resullt
T;'= M,E""M} + M,E“°M/, + M,E“°M, + M,E"(E; )" E'"" M, —
M E (B (B 1)) (B ) B M, + B, — (H{B; ') E:(H;B; ).
Next, by the use that B;' = T — ZbiKiZ;i and (HB; ') = [M, M,]
T =1-ZuK.Z,; + M, (Egb(Eﬁb)—lE’;a _ Ega) M,

?

—1
—1-Z,K:Z,,— M, ((Efl)““) M,
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11

where we used the inverse of a partioned matrix. By again substituting M, = Z,K;Z :Z (Bt

, -1 ~ _
T’L__l 7 Zbi |:KZ T KZEZZ (Ega)—l <(Ei—1)aa) (E?a)_lzziKz} Z;ﬂ
=1I— Zbi |:Wz:| 2;1
Now consider

(3

! ~a’ ~a’ -1 ~a
W= K- B (B (R ZL R EL | el
and
-1 _ s—1 -1 7 n 7 oy -1 7 517 -1\ 7 s-1
E =% "+ "Z,|K,Z,;B;,Z,K; — (D" +Z_,% " Z.) Z %,
=3+ 27;_1202' (Kizzn'zbiKi +
A NG s I A e T U S Ces B e N B I e
Klez'Zbl(Di +Zci2i Zm) ZbiZblKl (D JFZciEi Zcz) Zcizi

where we substituted B; = I—l—Zbi(Ki_l—E;iZbi)_lE;i and Z;iébi = K;l—D_l—E/CiEi_léci.

As a consequence,

Wil=K;' - Z, (5 [(2?“)1 — (BT Z K Z, (B0

~a

’ ! -1
(k2= ELE | =l
~a’ -1 ~a
— K- 2L | 2l
=K'= Z,(%")' 2,
=D+ 2;‘2;1201 + Z;iébi - Zi(zém)flzz
_p-l. 7 7 b swby 170
=D +Z,Zy+Z,(3") Z,
As a result,

-1
~1

~ ~/ ~ ~b ~b
T,'=1-2Zy|D "'+ Z,Zy+Z,2")"'Z,;| Z,,

(C.4)



12 REFERENCES

which equals (B})~!, the inverse of the B; matrix of the joint density f(ﬂlc’i, Ubi)-
Next, consider
H.X.08-F;=B,Z,K,Z.,.S ' X .8 —T; ((H;Bil)/EiVil’)?mﬁ + (C.5)
(BHIB ) (B G~ (B X))
Further,
’ ~ ~b’ ~ ~a
(B:HB; Y)Y (B")™' = ZyKiZ,,(S") 7 + Zu K, Z,,(35) " B (B
- ~ b . ~a
= ZyK.Z(2) "+ Zu K Z o (2) 7
_1~=b

- EZi[_Ki_l + Elcizi_lzci} Z

ci

—N

B - 2K+ 22020 2

= 2K 2L (S0 - 2K 2L () 20 - K 2,5 2] 2
() — (20 ZL K 20 (2]

= 2biKz‘Zi;(Efb)_1 + ZbiKiEZ;(2?“)‘1221{;*22(22’”>‘1,

~ ~ ~b ~b ~b ~b
where Kf = (D" +Z;iZbi+Zci(Efb)_1Zci)_l and we substituted Z_;(2?)"1Z,, = (K})~ '+
~! ~1 -1 -1 ~1 175 ~! ~/ -1
Z,Zy, D ' and K\ + Z, 57 Z = ~Z,,Z,; — D\
Next, we rewrite

b/
ct

’ ~a ~ ~ ~ ~b
Z8 (B0 2oy = 2,5 Zo — Zoy (S 2,

As a result,
(BH(B Y (BY) = ZuK Z0(S0) 7 + 20K (25 B — 20,5007 20 K 20,50
= 2K Zo (30
ZuKi(K; '~ 2,2y~ D™ — (Ki)™' + 21,2y + DK Z,(S0)

~b
= Zi(K)Z(51") !
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Hence,
~T:(E;H,B;")" (BE") "'y}, = —Hy.,, (C.6)
where H equals the H; matrix of the joint density f(g%;,Us:). Next, consider again (C.5)
H,X.B-F,+H7y, = BiébiKiZ/ciEi_l:fciﬂ -T; ((HéBi‘l)’EiV{rX/ciﬂ +
(BHB ) (B BV X)) )
P T vy 1Y oA R R-VE -1 w75 g5 =1 v -l b
=B, Zu,K,Z, X, X.0—-B;(H;B; E,V, X8+ B;Z,K;Z_,(X;")" (E;V; X.03)
=B, Z,K,Z,S7 X — B Zo, K Z,S7 BV X 08 +
~ ~b —
B;ZyK;Z,(2]") (EV; ' Xup)’
~ ~ — ~ ~b —
=B, ZuK,Z,S7 ' X3+ B Zy, K Z,,(S) "N E, V' X .8)" —
* 7 . 4~/ -1 . 7 . -1 4 -17 . -1/ -1y .
B Z,K;Z X, E,—Zcz[—Ki +Z .3, Zm] Z, |V, X:pP
~ ~/ — ~ ~/ s
=BiZy,K,Z, % X8 — B; ZyK.Z,V; X+
* 7 . ,N/ -1({ 7 P -1 7 -17 . -1/ 71/\/.
B ZyuK,Z_ %, Zcz[ K, " +7Z.,%; ZC,L] Z, |V, XuB+
~ b —
B;ZyK;Z . (Z)) H(EV;'X.8)
~ ~1 i~ e ~) ~ a1~ L~
=B ZyK.Z, X' X B+ B Zyi| ~ Z,;Zyi — D' Z, V' X B+
~ ~b —
B ZuK;Z () (EV; ' X.8)",
where we substituted 2;—2;12@ = K'Z-_1 - E;iézﬂ. Further,

(BiV; ' XaB) = BV )X aB) + B (Vi)™ (XaB) + EP (V) (XaB) + EX (V)" (X eB)

~ b

= (ng—é (- K '+ 2Z,%7'Z.] ' Z, ) X.0)" +
(2ba Zo|-K'+ 72,572, ' Z, ) X.B)" +
(z”” Zo - K '+ Z,,57 Za)” Zb/) X..08)" +
(2”“— ~K '+ Z. % 7.7 Z, ) X.0)" (C.7)
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As a result,

H, X~ Fi+ Hijl = B ZyK. 2,57 ' Xf +

B Zy[~ ZyZyi — D' ' Z, V' X .8

-1
~ ~b ~b ~ ~ ~b
B Z,K:Z_ (2" "'z, [ ~K; '+ Z;iz;lzm»] zZ

-1
~ ~b ~b ~ ~ ~a'
B:ZbiK:Zci(E?b)_lzci[_Ki1+Z;i2i1ZCi:| Zcz(V

~ ~ b ~
B;ZyK;Z,(V:)" (X )" ~

~ ~b -~
+ B Zu K[ Z,(Vi)"(X ) —

’

v;

; 1)bb(3(“ciﬂ)b _

ci

71)ab(3(/ciﬁ)b +

7

1
* 77 w5t —150 — > «-17 i —1\ba [y a
Bi ZbiKi ZCZ(E?b) 1ZC’i |: - K’L ! + Zczzz IZCi:| ZCZ(VZ l)b (XCZIB) -

—1
~ b ~b ~ ~
B ZuK;Z., (3" Z, [ -K; '+ Zlcizi_IZCi]

/
a

Z,;(ViH (X uB)"

ct

—1
=B, Z,K,Z,S7 X .3 + B} Zy; [ ~K;'+ Egizgléci} Z.ViiX .8 -

~b
Zci(V'i

K3

—1
B: Zy, { ~ K+ Z;Eilzc,»]

-1 ,
B:Zbi { — Kfl + Z;izilzci] Zzz'(v‘il

K2

-1
i

BZ‘ZMKZEZ(V

(Vi

7

-1
B;Z,, { ~K; '+ Z;izilzci] z

. St 15b w1 SV b 1
where we substituted Z_,%; " Z_, = (K;)"' - Z_,Z, — D™ . Next,

’

’
~a

Zy, (Vi (X ) + Zoy (Vi) (X ) = Zoy(V
and
Zo(ViV (X uB) + Zo(Vi VX uB) = Zoy(Vy

) (X )" — B! Z, [ _

l)bb(iciﬁ)b _

)ab(}\(/ciﬁ)b N

-1
~ ~ ~b ~
K+ z’m-z;lzci] Z,(ViH(Xup) —

)X i) — B Zy K Z o (Vi) (X uB)",

consider

HY(X.0)

(X ..8)
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As a consequence,

— . ~ ~ L~
H, X.8-F,+H§ =BiZuK,Z. %' X .0+

B Zy| -~ K+ 2.5 Z.
~ : ~/ ~ :71 —
BiZy|-K; '+ Z,%7"'Z.| Z,(Vi)'XuB-
o » I N
BiZy| -K; '+ Z,%"'Z| Z,(ViH'X.8-

B ZyK;Z(V; ') X

=B, ZuK,Z,57 X3 — B} Zy,K: Zo; (Vi)' X i3
= ZbiKiZ;izfliciﬁ + Zbi(K;1 - Zéizbi)_lzgiZbiKiz;-E[liciﬂ -
ZyKZ. (Vi)' X~

~ ~/ ~ ~f ~ ~a’ e
Zyi(K}) ' = 24, Z0i) ' 20,2, K Z,; (V) X i3,

where we have rewritten B; = I + Z;(K; ' — Z;iébi)—légi and B = I + Zy((K?)™! —

~/ ~ ~/
Zy,Zy) "t Z,,;. Next, by the substitution of

~/

-1 = 7 17 -1
K'-Z,Z,=2.,%"Z;+D

“w-1 & 7 ¥ bby—1 750 -1
(K?)" —ZyZy=2.,%") Z,;+D
> > -1_ 7 sw-17 -1
ZyZy =K, —Z, % Z,;—D

~/ ~ ~b'
Z;izbi = (K*)il - Zcz(sz)ilz - D717

7 ct
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we have the following result

HX.B-F,+H 7y, =2,(Z.5'Z, +D Y 'Z. 57X .0
Zo(K + K7, B 2y K2 (@i + zmngip) X..5
~ ~/ 1 o1 R
, " " abN
Zw(K! +K:Zy, B ZwK)Z., ((zi n ZCZ-DZIci)‘1> X0 —

2K+ K ZyB: ZyK)Z., ((21- n ZciDZLi)1> X..0.
Next, by substituting

((Ez— + EaDé;rl) = (B )MZD T+ 2,3 2 ) By (57
~ ~1 aa —a B o i~ ~a B
(<2i+ZciDZci>1) = (B0 = (B 2D + 25 Do) 2y (57
* * 77 * rp * ~b _ ~b T
K +K:ZyB!ZyuK; = (Z (57 )Z,, + D) !

~b' ~b ~b'
Zci(zfl)bbzci =Z,

ct

~b
(z;l)beCi +D71 o D*l
As a result,

Hij\X/ciﬂ - F;+ HZ‘@Z = Zbi(zlcizi_léci + D_l)_lé/cizi_lfci,@ +
~ o~ ~b ~a' ~a  ~ ~
Zy(Z (ST Z g+ D) 2 (57 Z (2B B + D)

i;(ziil)bb(:\x/ciﬁ)b -

N

5 (Y = A C1y—159 —1\aa /3w a
Zyi(Z (27 2+ DY) Z (57 (X B) +

~ b ~b 1159 am1vae B S a1l C1y—
ZbL(Zu(Zz l)bbzci+D 1) 1Zci(zi 1) Zci(Zcizi lzci+D 1) !

’

~a —

Z (57" (X aB)"

K2

~ ~b' ~b ~b' ~
= Zbi(Zci(E;l)beci + Dil)ilzci(z;l)bb(XCi/B)ba

~b —~ ~a’ —~ ~ —~
where we substituted Z,;(X; ") (X .8)" + Z.,(£;1)*(X .08)* = Z;iZ];lXCiI@,
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Next,

HZ,X/CI,B — F; +H*§ZZ = (szK;k - Zbi((Kf)_l)_l +

K2

Zu[(K) ™ - 2;1-2“]1)2i;<z-—1>bb<faa>b

K3

~ ~ ] ~ —1~/ ~
= <|:I+ Zy; [(K:)71 — ZbiZbi} 1sz':| Zy;
S a—1vbb P e e R Y
Z (37 )" Zy+ D + Zy, Zy, Z . (%) (XaP)
= B 2K Z.,(32) (X.B)

= H(X.0)".
Combining , and 7 we find that
O(ve — (XyB)" — H; (G — (XiB)'); B)) = (v, — XuiB + H; X i3, F;, T)).
Now consider,

Gi = (glc)z - (Ezvllfczﬁ)b> (Eli’b)*l <?§gl _ (Ezvzlf)\(/czlg)b) _ F;T;le 4
(X/czﬂ)’V;l(}mﬁ) — (V;le‘/Clﬁ)/EZ(V;l’X_’Clﬁ)
T (ZblK:Zﬁ;@?l — (X)) + (B?)IHi,X/CifB> T;

(ZﬂK:‘ZZ@Z (XuB)) + <Br>1ﬂ[iciﬂ)
+ (ggz - (Eiviliciﬂ)lv (B~ (?721 - (Eiviliciﬁ)b>

H(XuB) Vi XuB) — (VI XuB) Ei(V X u0).

17

(C.9)
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Next, we take the terms where g’; occurs twice from the latter equation

- *"'b/ ! . *Nb,
- (Zb?Kz Zci(z )bbylc)z> T; <ZbiKi Zci(z )bbyzz> + ycz(Ebb) ycz
. ~b ! . ~b
—<ZbinZci(E )bby31> Ti<ZbinZci(2 )bbyfz) +

7, ((E;l)bb - <E;1>ba<<E;1>m>-1<E;1>“b)@Zi
=§i;{—(2 )be K:ZuBZ,K} Z (2 )bb+(2il)bb—(Efl)bbiii&zii(z?l)bb—
(=7 Wz K7 (2 Yz K. 7 (2 b 4

(=7 )bbz K.Z. (z 1yaa Z%

’
~a

—1
~a ~b'
(—K; L7 (s e ) zm-<z;1>aazciKizci<z;1>bb}ﬂz
— (st 1 g2 { K7, (I  Z (KD - 22>2>2K K-

’ ’
~a

-1
KZ (S )2 K+ K.Z" (=) 7", < K'+7% (s )‘mz> zZ,

~a ~b
(Ei_l)aaZCiKi}Zci(E )bbgg”

where we used the inverse of partitioned matrices (E}’)~' = (E; )" —(E; e ((E; )~ Y(E; )

and substituted B} = I + Zbi((K;‘)_l - Z;Z.Zbi)“é;i. After repeatedly using Z;iébi =

Z;zébz — K;'+ K; ", we find that

~b ' 7 *'Vb, ~ ~b ~
(ZblK Z (2 )bbyIm) Tl <ZbiKi ZCZ(E )bbyz'L) +yzz(E?b)_1y22

a

—1 , o\l

— BT + ST {K;f—((Kz‘)l—z;izbi) —(Kﬁ—zci@ﬂ)“za) }
b bb~b
Zw(z ) ycz

~) ~

—1
Y . N
— P+ ) Z, {Ki_((Kz) —szsz> _Ki}Zci(zi Y

-1
_ st - g2 (D 2 )be) 7' (s,

= gl(il(v*) (,1’
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where (V¥)~! equals the inverse of the V; matrix of the joint density f(Z%,, ¥y;)-
Next, consider the terms where QZ occurs once, at the start of the term,
(Z,J(f?i(i] )bbygz>,Ti(ZbinZi;)(Efl)bb(iciﬁ)b—
(ZbiKz‘Zi'i(z >bb@’;)/Tz-<B*> X BB BV KB
(ZMK Zh (s, > (ZnKZ0) (27 (X )

e 2 K 7 B 2y K Z S X

ct

ba
+ Y (VZ-H; (B:+ Hivng)lﬂi) (XaB)" = (B (X i)'
! 1 bb —~—
+§lc7i(E?b)l(ViH;(Bi +H,V,H;) Hz) (X.08)°
~ ~b ! ~ ~b —
= (ZblK:ZM(E )bbyﬁz> TZ(ZblK:Zcz)(Zjl)bb(Xczﬁ) 7y('1(Ebb) ( ciﬁ)b
b _, N y . b__
— (B (EiHQBf) BizbiKiZcz-Ei1Xciﬂ+yci(E?b)1<ViH§(Bi+Hz'ViH§) Hi) X0
i
~ *~b/ . *~b/ B N
— (ZukiZL =)L) TUZ 2 (K T (X

b
i X+ Yo (EP) (Vz-H; (B; + HiViH;)‘lHi) X..3

)/H
)

B (EiH;le
- (%K:E’;m Nt ) Ti(Zy K Z0) (57 (X ) — 3% (B2~ (X B)"
! 1 b —~
— yu (B ((Vi —- VH}(B; + H,V;H})~ Hz—vi)H;B;l) H,X.3
! 1 bN
+ Yo (B (VzH;(Bz +H,V,H;) Hz) X
!
(Zan Zh(=s; )bb§b> (2K 20 (E (X ) — GEED) (X uB)

ycz(v*) ( Ci/g)bv

where we substituted
(B, V;'X.B)" = (I -V,H{(B;+ H,V,H;) Hz) (XeB)" +

bb
(I - V.H[(B; + HiViH;)‘lHo) (XeiB)"
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Lastly, consider the terms where ﬂf; does not occur

- (ZiKzéi;(z;l)bb(’X}imb)'Ti<2biK;f2i;>(z;1>”b<“x“ciﬂ>b+
(ZuriZi5 ) (Xa0)) T
B X+ (B HX ) T (20 25 R ) -
((B;()lHi’X/ciﬂ> ,Ti<(Bf)1H¢}zci,3> +(XuB) Vi (XuB)—
(Vi'XuB) Ei(V ' Xafl) + (E:iV ] X)) (BY) (B V] Xaiff)
- (ZﬂK:EZ(zzl)b”(’iam")/Ti@bz-K:22)(251)*’*'(35@@%
+ (XaB) (S V2K 2y B 2y K 23 X B+ (X aB) HiZu K 2o (S7) (X .8)"
- (/X/ciﬂ)/H;(B;)ilHi/X/ciﬁ + (fciﬁ)lv;liciﬁ - (/X/ciﬁ)lv;lEiV;l}\Eciﬁ
+(XaB)Y (B®) Y XuB) — (XuB)" (EP) ! <VLH; (Bi+ HiViH;)_1Hi> b}ciﬁ

b/
- (/X/ci/@)/<viH'/i (Bi + Hin'H;-)_le‘) (E")"H(X.8)"

b’ b
+ (Xc,ﬂ)’<ViH§ (B; + HiViH;)_lHi) (B! (V,»H; (B; + HiViH;)_lH,L) X .0

~(XB)" (V) (X uB)
— (X8 Hi(B)) " HX b+ (XB) V' X — (XuB) VBV X

b
+ (XaB) (B! <V1H; (B; + HszH2)1H7> X3

bl
— (X8 (ViH; (Bi + HiViH;)lHi) (B 1(X .8)

v b
+ (Xc,ﬁ)’(ViH; (B, +H7;V1;H;)1Hi) (EY)~! (V,;H; (B, + HiViH;)lHi) X..8
:(}/mﬁ)b,(vj)il(}mﬁ)b
— (XuB) { -V '+ H{(B;) 'H; + VilEivil]}?m-m
b

b/
+ (Xci,@)'<V¢H§ (B; + HlVlH;,)lH’L) (EY) (VzH; (B; + HszH;)lHl) X0,

where we used the results of the previous calculations.
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Now consider,

b
_ ~b ~ ~ ~
(ViH; (B; + H,V,H) 1Hi) = Z..DZ,,(I+ ZyDZ,,)""H,

~b ~b'
(El?b)_l (E'_l)bb (Ei_l)bbzcilizczci(zi_l)bb
As a result,

v b
(V H,(B; + H;V H})"~ ) (E%)~ (V H}(B; + HiViH;)‘1Hi>
(z .DZ,.(I + ZuDZ,) 'H, ( 2;1)“2;1(;2;(2;1)’)*’) <2iiD2;i(I + ZbiDZ;i)_lHi>
’ = = * -1 = > =\
—H/(I+Z,D2Z, Zb,D (K™t ZbLZbZ D '\Dz,(1+2,DZ,| H,
— H! <I T ZMDZ”) Zu:D <(K;‘)1 7, Zyi — D—1>Kj
~/ ~ 1 ~/ ~ ~r\ !
((K;‘)_l ~ZyZy — D™ )DZbi (I + ZbiDZbZ.) H,
~ ~r\ ! ~ ~
—H'H, — H} (I + Zb,-DZ;n) H,-H,Z,K:'Z,H,
~ ~/ -1
—H'H,; — H| (I + ZbiDZbi) H, - H, <ZbZ(K yLZy I — I> H;
~ ~/ -1
= — H| (I + ZbZ-DZbi> H, + H,(B})"'H;,
~ ~ ~ -1
——H/,H,+ H|Z), <D1 + Z,nzbi) H,+ H,(B) 'H;

—1
= H|Zy,K.Z, S — H\ ZyuK,;ZyB: Z, K Z.,S7" + H,Zy; <D1 + 2;2;,;> Z,H, + H/(B))"'H,,

/

~b ~b ~/ ~ ~ ~ ~ ~
where we substituted Z,, (57 ) Z ., = (K1)~ = Z,, Zy—D " and ZyDZy, = ZyDZy;+I1—1.

ct
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Next,

b’ b
<ViH§ (B, + HiVng)_lﬂi) (EY)~! (VZ-H; (B, + HiViH;)‘lHi> — H/(B)"'Hj,

7 -1 17 > sl
Z.,% +X Zu,KZ 3%,

7
72

N

i

+Z.
17

K2 7

N ?
-zilzm)

175 e 1 17 '
i m—) Z.,% +3 Z.,K;Z,;H,;

-1

—17% -1 -17 ! ) 1% 1 7 -1 1% 1 7 1% - 7 -1
+3 Zy| K, +Zu3%; Z ZyH;, - "Z,K,Z, %, +3 Z,K,Z, % Z.,K;Z 3,

17 4 17 4 177 4 1 17 1, % 17 o 1
+3 ZuK,Z Y% Z,K,Z,,H, + %, Z,K,Z >~ +%; Zci<—Ki + ZuX; Zci> Z 3

1
17 B 15 e P -1 17 g o -1 -1 [ g1 5 517 > -1
¥, Z,K,Z,X, Z,K,Z_,;%; ¥, Z,K,Z.,%; X, Zy K, +Z.,% Z, Z.,%;
17 4 17 ' 17 4 17 1, 7 17 o
=¥ Z,K,Z,X, Z,K,Z,,H, -%, Z,K;Z,;H;, — %, Zci<—Ki_ +Zu3; Zm-) Z,,H,
- H.ZuK.Z,S7' + H ZyK, 2, X 2K, Z..57 + H\ 2, K. Z,,5;"
1
! 7 . -1 7 . -17 . > -1 ! 7 . ,~/ -17 . A~/ -1 17 . ,~/ -1
+H,Zy| — K, +2Z,%; Z zZ, %, -H,Z,K,Z, % Z,K,Z, %  —-H,Z,K,Z_ X%,
1
— H\Z, ( ~K;'+ ch,ziléci) Z.3 Y H ZyK.Z,,57 2K, Zy H;
' ~7 15 ~7 e ~/ e 1 ~ 15 -1,
-H,Z,K,Z_ %, Zm-KiZbl-HiHiZbiKiZbiHiHiZbi<Kl- + Z3; Zm—) Z,H,

1
—_ 2;12@( ~K '+ Eciz;léci) Z.Vil - ZuK,Z. V]!
-1
-1 . ,NI -17 . -1 7 . -17 . 7 -1 -17 . ,NI 7 . ,~/ -1
VS ZGK 23T 2 KT 4 2037 2, 2V - S 20K 2y 2y K2V
—1
+ 22K22K222< K4 222) 7V HZ.KZ v
17 A ' 1 17 ' 175 1, 17 o 1
VS 20K 2y 2y K 2V H 20K 75 Zm-(—Ki_ +Zus; Z) Z v
—1
-1 . ,N/ 7 . ,NI -17 . -1 7 . -17 . 7 -1
ST 2K 2y 2y KiZ 57 2 KT 2537 20 2LV

=-V; '+ VI'EV Y
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where we substituted

-1 _ y—1 1% 107 s—1 1% 107 7 5 7 vl
V., =% -3 "Z,K;,Z, % -3, Z,K,Z,,Z,K,Z_ X,

1
_Ei_lzciKiZ;iZbi <Ki_1 - Znébi) Z)iébiKizlcizi_l

~1/

-1
E; =% Z, ( -K; '+ Zcizilzc,) z

cit

As a consequence,

- (ZbiK:‘Zixzﬁ)bb(iimb) T (2, K Z0) (571 (K B)+
(EbiK;‘Ei;(E;l)*’b(Eiﬁ)b) Ti(B;‘)—lHﬁfcm((B;‘rlHJiciﬂ) T, (ZbiKz‘EiXE;l)“’(?f@ﬂ)")—
((B;f)—lH[X’ciﬁ) T; ((BrrleX},ﬂ) +(XuB) VN X uB8)+

(Vi XuB)Ei(V X uB) + (B VX ) (BY) " (B, VX .0)

:(}ciﬂ)b/(vj)_l(iciﬂ)b'

Hence,

6= (it - &iﬂ)b)/(vzrl (58 - Kaor) (C.10)
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24
Now, consider
BTV B Vi) .
VAIBEY  Vi[E BT,
(=)L ()1 Z K (5S4 2D 2|
b/

ci‘

- VA[H{B;"H; + V|| Bi||T; |
I~ (S 20K Zoy + (820, D20 — () 20K 2, (8) " 2.,DZ
\V.H/B;'H; + I,||B;||T; |
1= (S ZL K Z + S 7 D7 + S 7L K ((K*)l ~ 23,20 D‘l) Dz,
I, + B;'H,VHj||B,||T, |

T (S 2K 2, Z,DZ
B B, + H,V,H}||T;"|
T+ szDZi;(Efb)_lzinZ;J

B [T+ ZbiDZ;i”T;H

I+ Z,DZ0 (S 2K 7,

B I + ZbiD2;i||I - ZbinZ;ﬂ

_ I+ EbiDZZ;(Efb)_lziinZ;J

N 1T+ ZbiDZ;i - ZMK;"Z;Z - ZbZDZ;anszzéz‘

B I+ zbiDéi;(Z?b)flziiK;’ké;i‘
I+ ZuDZy; — 2K Zy; — ZD ((K:)l -D - Zngz?b)lé’éi)ffﬁéil

~ ~b ~b =
I +2,DZ,(2") ' Z.K;Z,|
= — — b 1 ~b « ~ )
I+ ZyDZ, (") Z,K; Z,,|
=1
where we repeatedly used a familiar form of the Sylvester’s identity: det(I+AB)=det(I+BA).

When we insert the results of (C.9)), (C.10) and (C.11)) in (C.3), the expected value simplifies

to

E[YS|YS = 9% Ges < ] = <<Eivi1}\(/0ilg)a + B (EP) (gh; - (EiVilfm-ﬂ)b))C.lQ)

+ (BB - B BB
( Fae) e = Fylo)] + F),

X TZ'[—Fl(Ol)
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C.2  Prediction interval

The prediction interval of a subvector of continuous responses conditional on both subvectors
of the continuous response(s) and ordinal response(s) can be derived in analogy with Appendix
The second central moment of the conditional distribution will be derived first, and next
the standard errors of the transformed parameters will be computed.

The second central moment equals

E[(ffc‘i — BIY2 (92, Ubi < €]) (Y2 — BIY2|F,, 9bi < CD/:|

Yz =00 !
= / |:ygz - E} |:y‘cl1, - E] / (ygz‘ygﬂ Ybi < €)dyg;

Ya;=—00
Yoz =+o0 , . , / /
- / Yeslei' [ (U2 |Ucs Uoi < ©) — Z2'f (Yi[Yes Ui < €) — (y“ =+ 255 >
Yo, =—00

~a

F@E192, Yvi < c)dy,;

Yo, =+00 , .
y®.y® T RLYLIY! ~a —_
- / YeiYei f(yci|ycia Ybi < C)dyci — o=
Yo =—00
~a

+H; X

ci 1 1 ~a ~a/

Yo =00 =y, ~XuiB—H; [~bi
N ——— TR TR
c /g‘gi——oo ,/:_Oo (271_)% ‘V1||Bz‘ cidci

eXp{ - ;(( {Jg’} - XuB) VY g%} — X8+ le) }dij"id o

e

T ci

~gi: = cii i +H7.Xcz
:l/y 00/ Y biB I¢] 1 1 o

Ppe—— Y2y
€ Jge =00 J=—co (271_)% |Vz||Bz| cidci

el — (] - X vi (| - Xem+ o B ym o))

Yoi = =y~ XpiB+H; X
_l/y oo/'y biB B 1 1 o

natng P Yy .y

ge=—o0 J=—o00 (2m) S VB,
1 y2. 7% N

eXP{ -3 (( {g‘#} — ) B [Zﬁ} —w) o+ oi> }dygid ==,

ci
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where
E= E[i‘;@g@?}bi < ¢
=f (ﬂlc’i, Ubi ), the marginal joint distribution
= *Hi’gci-
Further,
Yy Yy Yo |\ Yo
(%] - Faorvo (5] - XKoo+ o BB o B
yci yf:)z yC‘L ylg't

( L’éb} —w;) E; Y Eﬂ —u;) + Oy,

ct

where E;,l;,0; and u; are defined in[C.]]

Next, the integration over g% results in the following equation

1 =, ~XpiB+H; X i3 1 /|E;
_ 7/ - | | {E?a o E?b(E?b)_lE?a +
— oo (2m)% VIVill Bl

)
( +E(E”) (gh; - ?))l}qf)(ﬂg,u?,E?b)exp{O}d ==

: / TR 11+ V1B {E?“—E?b(E?b)_lEf“Jr
€= (2m)=" IVl Bi|| EY|

(1 + BB @ - ) ) (ut + B(BL) <;ﬁ0}
exp{ - % ((—Fi)’Til(—Fi) + Gi> }d — ==

.o

< Eab(Ebb) (ycz — b

Here we have rewritten (72, — u?)'(E?) = (30, — ub) + O; = (= F;)'T; (= F;) + G;, where T}, G;

(3

and F'; are defined in (C.2)). Integrating over and implementing the results (C.9)), (C.10) and
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(C.11) results in

E|(Y:-3)(Ys-5)
— B/~ B"(E!") "Bl + (B:HB)" (N + T ) (B:H/B; ') (C.13)
+ (B:HB; )" J(XaB)V; 'E)* + (E:V; ' X 8)"J (E:H;B; )"
(B V' X uB) BV X aB)
/
n {(EiH;Bi_l)“J(gi’i - (Eivgl’iwﬂ)b> - (EiH;B;l)“(N n JJ’) (E;H,B; )"
li
1% ~ 13 13 - bby—1 b
+(E,V; 1Xciﬁ)a(yf;~ —(B,V; 1Xmﬂ)b> — (BE;\V;'X.B8)"J (E;H]B; 1)b’}(Ei ) B
b bby — ~ -1y v a’ — ' a’
+E(EY) 1{ (yb — (E:V; 1Xmﬂ)b) (XeB)'ViE:)" — (BE;HB; ')’ J(XB)'V.E:)
+ <gjf;. - (EiV;lfciﬁ)b) J(BHB )" — (B:H/B)' (N +J7) (EngBi_l)“/}

+E§‘b(Ef")1{(EiH§Bi1)b (N + JJ’)) (E;:H;B;")"” -

!
(EiH;Bi_l)bJ(ggi - (Eivjlfciﬂ)b>
~ <17b - (EZ-V;%Z@Z’) J(E:H;B;")"

+ (37” - (EiV;l’fcimb) (@7” - (EiV;l’fcim”)) }(E?brlEga -z

!/
)

—_
—

with J as the expected value of the truncated multivariate normal density, and IN is the sec-

ond moment of the latter density. They can be implemented via the R package tmvtnorm. The
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following equations are derived from |Manjunath and Wilhelm)| (2021). More specifically,

d=~,— X8+ H,;X.0,

J=T,[-F\(d) —Fyd) .. —F5(d5)]+F,
Di Di
B . i 3. k0kFr (dr) T k,q T i
Ni,j*,-rii,j‘i’ZTzsz— ZTzsz< ij.q ﬁ
k=1 k=1 a#k )

- = Fy q(di,dy) — J; Ty,

d; di—1 pdita dg—1  pdgt1 ds,
ORI B B A e -, —
—o0
d; i1 i1 By
Fl(l}):/ / / / 1’1,. Xj—1,T, l‘7+17...£13‘5i)d£8ﬁ”..dl‘i_i_ldl‘i_l...dfﬁl,
—o0

(z,F;,T;)
o) =3 ®(r- XblmH XoBF Ty OTES ~ Xuf+ HXuf,
0, otherwme.

Agresti (2002) utilized the delta method to determine the distribution of transformed maximum

likelihood parameters. The distribution can be expressed as:

. 0G(0 ~ 0G(0
101 50,250 var( 250,

Here, 8 denotes the parameter vector. To begin, we will outline the derivative of the expected
value in relation to a coefficient 8.5 associated with the predictor 3(:02 for a continuous response.
Subsequently, we will describe the derivation process for a coefficient fpe linked to the predictor
/)252 for an ordinal response. We will then proceed to derive the gradients of the variance param-

eters. The derivative of the expected value ([3.7) with respect to (.2, an arbitrary coefficient of a

predictor of the continuous response vector /)ch is the following:

E[Ycz‘ch = glc)y gbi < C}
85(:2
= (BV ) Koo~ BPME) BV ) X

; ((EiH;Bi—l)“ - E?%E?%*(EiH;Bﬁ)”) (u i 6)
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with

8 =T; ( — (E;:H,B; ) (E?) YEV; ' X 2)" + <H;B;1>'Ei<vf3<’czi>),

p
e = Z H;;; X 12 — 0ik)0(ve — XoiB+ Hi Xei3 — Fi), Thi)
k=1

(I)[QS( szlg +H,; XCZ/B F; ) k|k]

k k
T'L Ek; ng) b)
5, Thre

T i =T11 — TeaTp T (C.14)

Further, T'; is partitioned as
and T'_y;, is defined as

In addition,

(Hifm_a-)kgk(ok) OT;[— Fi(o1) — Fa(02) ... —Fy(op)]
szﬁ"’H XczﬁszaT)

Oi41 05, N
(X k) / / / / (1. 2108k 1125, o([T1..2K—108Tpp1-.25,] , Ti)dX _y,

6(2.T:)
o(z) = { SR X ATy e <Y~ Xub+ HiXaf ~ F,

)

v = )

otherw1se.

The derivative of the expected value with respect to a coefficient Fps of a predictor fbg of

the ordinal response vector equals

E[?c(:‘fyvvcl; = glc)w gbi < C]
OBr2

_ ((Ez—H;Bf)“ - E?%E’;b)-%EiH;B;l)b)

C*QTi[fFl(Ol) 7F2(02) *Fp(op)]
O(v, — XpiB+ HiX i3, Fi, T)

with
- Zié%kgk(ok)a
k=1
p —~ —_~ —_~ —~
Z Xi2ird(Ve — XpiB+ Hi X i3 — Fi), Tir)®[(ve — X0iB+ Hi X i3 — Fi) i, Ty
=1
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Next, the derivative of the expected value with respect to the threshold value . of the ordinal
response vector equals
OB[Y3|Ye; = Ui Ui < ]
e

~(Bmp ) - B ED) BB )

’I]*(UTZ'[fFl(Ol) 7F2(02) *Fp(op)]
O(v, — XpiB+ HiX i3, Fi, T)

b

with

pi
n= ng(ok)
k=1

p
= 0(Ye— XuiB+ HiX i — Fi)i, Tr) @[ (v — XuiB+ HiXoiB — Fi) e, T_jyp).
k=1

The derivative of the expected value with respect to an arbitrary component of D, denoted by 7

equals

E[?cﬂ?cg =92, yp <
or

=(E'V'XuB-EV'VV'X,B8)"+
[(E)™(EY) " — E{(BY) N(E)™(B) ™)
@ — (B, V' XuB))] + EX(EY) " [- EIV ' XuB+ EV;'VIV; ' X,.8)]"
E:H'B; "'+ E;H'B;"' — E;H'B;'B'B; )"
DB - BB BB )| (BB

(@
o
~|een
~ BBV (EH!B; ' + E;H B! EiH;Bile‘Bil)b>
( “Fi(o) - Fa(02) . —Fyp(op)] +Fi)

o

E,HB;™") E?b(Efb)_l(EiH;Bi_l)b>tr*.

To allow for a convenient solution for a general case, the following expression was evaluated
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numerically: tr* = o7 [~Fi(o) _Fz(oazi _FP(OP)]+Fi.1n addition,
oD

p =2
or

B! =B, Z,(K;D"'D*D'K,)Z,, B,
Vi=Z2,DZ.,
H: =B:Zy,K.Z. ' + B'Z,,(K;D'D*'D 'K;)Z;S; !
E'=-E; [ ~-V; WiV '+ H'B'H, + H;< - Z;i(KiDlD*DlKi)ZM) H, +
H;BilH;*l E;
’ bl
T;=-T, [(E?HéBfl +E,H; B — EiHi(B,-‘lB?BZl)> (E}") "(E:H;B;")" -
— / bby — * bby — _
(E;HB; e (E7”) 1(Ei)bb(Ei ) 1(EiH;Bi He 4
b/
(B.H B (BY) (E:H;-Bf SBHI B - BH/(B'BIB)) -
(B;'B;B;') - (H{ B;' - H{(B;'B;B; ")) E:(HB;") — (H;B; ") E;(H,B; ") -

(H/B;')E;(H; B;' - H|(B;'B;B;"))|T:.
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Finally, the derivative of the expected value with respect to the residual variance of one of

the continuous responses ci, o2 equals

c1
OB[YZYE =42, yp: < ]

502 = (BjV'Xuf - BV 'SV ' XuB)" +
Oc1

[(E)™(E) ™ - EP (B (E)™(E) )]

(@2 — (BV; ' X iB)")]
+ EMEY) - BV X8+ EV;'S:V'X.8)"
+ ((E;*H;Bi—1 +E;HB;"' - E;H,B;'B:B; ')
- [(E))™ED) " — EP(EP) N E)™EP) )] (EH;B; )
— EEY Y E'H'B; '+ E;H B! — EngBilB;‘Bil)b>
X (Ti[_ Fi(o1) —Fy(02) ... —Fylop)]+ Fl)

+ ((EiH’iBi_l)“ — E?”(Ef”)‘l(EiH;Bi_l)b> tr.

To allow for a convenient solution for a general case, the following expression was evaluated
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numerically tr* = oT.[~Fi(on) _FQ(;;l o Fy(oy)] SRl addition,
c1
0%,

-

¢ 0o
K'=K,Z, >SS Z.K;
B = B,Z,KZ,B,
H: =B:ZyK.Z,, 57 ' + B, Z, K. 7., — BiZuK,Z,, X85!
E;=-E; [ ~V;'S;V;'+H'B'H, - HB;'B;B;'H, + H;Bglﬂj] E;

’ b/

T;=-T; [(EZ‘H’ZB? +E;H; B;' - EiHi(Bi‘lB?Bfl)> (E?) N(E:HB;")" -

(E.HB; ") (B (E)"(E) " (EHB; ") +

b
(BB (B (E H/B;'+ E;H; B;' — E;H;(B;'B,B; 1)> -
(B;'B;B;') - (H; B;' - H/(B;'B;B; ")) E;H;B;' — (H;B; ") E;(H,B;") -

(H;B;'YE;(H; B;'H/(B;'B;B; ")) |T;
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D. CONDITIONAL DISTRIBUTION OF CONTINUOUS RESPONSE(S) GIVEN THE ORDINAL

RESPONSE(S)
D.1  FExpected value

Let us derive 1D the conditional expected value of the n;-dimensional continuous subvector }N"m
given the p;-dimensional ordinal subvector f’bi. This is equal to the integral over lN/m multiplied

by the conditional distribution, which is defined as the quotient of (3.5 and ([3.4)).

E[Yei|Yair < ¢

L [FT (X B V)B(e — X — s By)
- Yeci — 1 dyc'i,
Fei=—o0 O(y. — X Ly )

/ycz o8] /t_’YC Xhlﬁ H;yci+H; X .3 1 1 _
(7; Yei
ci=—00 (27T) ;r V ‘VZ”BI‘

. exp{ ((ym KBV (s — Xu) + (t'B;lt)) }dt 0ei

/ycz—oo /S YomXoiB+H X i 3 1 1 _
= T, 1D, Yeci
ci=—00 (27r)( 2 /IVil|Bi]

< oxpd = 5 (s = X'V (s~ X)) + (5 i) B (5~ Hog) ) bl

—_

/ycz oo /S Ye Xb1ﬁ+H Xczﬁ 1 1 _
- o TN’i ycieXp
Fei—oo (21) "= VB

{ 2 ((ycz - Uz)IE:l(gcz - Uz) + Oz) }degcia

where

H,=B,Z,K,Z.,>;"
1
(v, — XpfB; L)

CcC =

In addition, we have substituted = — H;y¢;, and further

(gci - }clﬁ)/v:l(gcz czﬁ) ( Zycz) Bi_l(s - szcz) = (gcz - Uz)lEz_l(,gc1 - Uz) + Oi7
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where

E;'=HB;'H;,+V ;'
I!=—s'B;'H, — (X.8)V;!
0;=8B;'s+ (XuB)V;'XuB— (—-H,B;'s — V' X ,8)E;(—H,B; 's — V' X ., 8)

U;=-Eil.

Integration over y.; produces

E[Yi|Yair < c| (D2)
s=v,~Xu:B+H; X i3 1 E. s .
- C/ 5 \/Tll Ez‘(H;B;ls + Vi_le-ﬁ)exp{ — Oi}ds
s=mee (2m) % VIVl Bil 2
/ KD 1 VIB] g v%)
=c — -~ —E;(H.B;'s+V; ' X.8
e (2m% VIVIIBI

1
exp{ —5 ((s —F)'T; (s —F;) + Gi) }ds
_ /S—7c)~(biﬁ+Hi)~(ci/6 ¢ \/E

1
EiH;Bilsexp{ -3 ((s ~F)'T;'(s—F;) + Gi) }ds

_— (2m)% V/IViBI
. s=v,—Xu,iB+H;X i 1 1
» EiVi_lXciB/ — exp{ - = <(s —F)'T; (s - F;) + Gi> }dS,
oo (2m)2 2

where we have subsituted O; = (s — F;)'T; *(s — F;) + G;,

with

T;'=B;' - (H;B;')E(H;B;")
F;=T; - (H,B;')YE,(V;'X.03)

Gi=—FT7'Fi+ (XuB) Vi (XuB) — (Vi XuB)Ei(V X .0).
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Now consider,

T,=B,-H,(- E;' + H,B;'H,) 'H,
- B,~H,(-H/,B;'H,-V;'+ H,B;'H,) 'H,

=B, +H,V,H,
As a result,

F,T;'F;

= [(H;BH)’EAVZ-I’XW@)’] T, {(HgBil)’Ei(vil’X’dm]

S CEREas o] (B, BV,H) (B BV X0

= (X.B8)V;'E;H'B;'H,E;V;'X ;3
+(X.B8)V;'E;H'B;'\H,V,H,B; 'H,E;(V; ' X ..3)

= (XuB)V'E{(E; '~ V;YE,V;'X .8
+H(XaB) VBB = VIOWVI(E -V E(V] ' X.P)

=(XuB)V'EV ' Xup— (XuB)V'E:V'E VX i3
+(/X/ci,8)/vi_13€ciﬂ - (iciﬂ)/vflEivflici,@ - (}ciﬂ)/vflEivflici,@ +
(XeB)' VBV BV X i)

= _(,X/ciﬁyvi_lEiVi_l,X/ciﬂ + (iciﬁ)lvfliciﬂ

Hence, G; = 0.

The first term can be solved by calculating the expected value of the truncated normal distribu-
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tion, as described by |Manjunath and Wilhelm| (2021)).

E[Yei| Yair < ¢

|E;||T|

=cC 7E2H;BZ_1TZ(I)(O,TZ)|:—Fl(Ol) —FQ(OQ) _FP(OP)]
Vil Bi]
E\T: — —
+c M‘b(’)’c -~ XuB+H,X.8-F;,T,)E;H.B;'F,
|Vl Bil
E,||T; - - .
+c M‘ﬂ% ~ XuB+H,X.uB8-F;,T)EV;'X.p,

|E;||T|
V|| Bil

EiH;»BilTi<[_F1(01) ~ Fy(03) ... —Fp(op)]>)7

O(y, — XpB+ H; X .3 — F;,T)) (EiH;BilFi +EV'X.8+

where o, F;(z;) and ¢(z;) are defined in (C.3).

Now, consider

|Ei||T:| _ |B; [T

\VillBil — |Vi||E;
_ |B'|Bi + H,V;Hj|
|VL|H;B'H; + V|
I, +B;'H,V,Hj|
|V.H.B'H,; + I,
= 1,

where we used a familiar form of the Sylvester’s identity: det(I+AB)=det(I+BA).
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Next, consider

T,=B;,+H,V,H,

=B, + B, Zy,K,Z., % (2 + Z.D;Z' )27 ' Z ., K Z},B;

=B, +B,Z,K,Z,% ' Z.,K;Z,,B; +
B.Z,K,Z.,>7'Z.,D;Z.,%;'Z.,K,Z,,B,;

=B;+B;ZyKK;' - D;' — Z,,2,,)K;Z},B; +
B.Z,K,K;'-D;'-Z,,Z,,)Di(K;' - D;* - Z},,Z,,)) K Z},B;

=B+ B, ZyK,Z),,B; — BiZ,,K;D; 'K, Z,,B; - B;Zy,K,Z),Zy,K,Z),B; +
B.ZyDi(K;' - D;' - Z},Z1,)K;Z};B; —
B, Z,K,K;'-D;' - Z,.Z,,)K,Z}.B; —
BiZyK,ZyZyuDi(K; ' — Dy = Z,Zy;) K, Z;,; B,

=B, +B;Z,K,Z,,B; — B;Z,,K,D;'K,;Z,,B, - B;Z,K,Z,,Z,,K;Z},B; +
B,ZyD;Z,,B; — B;Z,K,Z,,B, — B;Z,,D;Z,,Z,,K,;Z,;B; —
B:ZyKZyB; + B, Z,,K,D;'K,Z,B; + BiZy,K,Z,,Z,,K;Z,,B; —
B.Zy,K,Z,,Z,D,Z,.B; + B, Z,K,Z,.Z,K,Z,,B; +
B, ZyK,Z,,Z,D;Z},,Z,K;Z},B;

=B, +B;Z,D;Z,,B; — B;Z,,K;Z,,B; — B;Z,,D;Z,,Z,K,;Z,;B; —
B,ZyK;Z,,Z,,D;Z,,B, + B, Zy,K;Z,,Z,,K,Z),B; +

B,ZyKZ);ZyD:Z,Z K, Z;,Bi,

where we subsituted Z,, %' Z.; = K;' — D;' — Z.Zy,.
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Next,
T,=B,;+B;Z,,D;Z,,B, — Bi(—B,Tl +1,)B; — BiZbiDiZ;)i(—B;l +1,)B;— (D.4)
B,(—B;'+1,)Zy;,D;Z};B; + B;(~B;' + 1,)(—B; ' +I,)B; +
Bi(-B;' +1,)ZyD;Z),(-B; "' +1,)B;
=B;+B;Z,,D;Z,,B;+ B; - BiB; + B;Z,,D;Z,;, — B;Z,,D;Z},B; —
+ZvwD;Z,,B; — B;Z,,D;Z,;B; + I, — B; — B, + B;B; +
ZyD;Z,,— Z,D;Z,,B; — B;Z,D;Z,, + B;Z,,D;Z,,B;
=1,+ Zy,D;Z,,

.

3

where we rewrite Zy; K;Z}, = —Bi—1 +1,.

Now, consider
F,=T, (H,B;)E;(V;'X.03)

=T,(H,B;\\(V;, - V,H\,(B; + H;V,H)) "W 'X_.3

— (B, + H,V,H))(H'B; ') X ., 3 —
(Bi + H;V;H})(H;B; ')V, H,(B; + H;V;H}) ") H: X .;3

—H,X.B+ (BiZyK,Z. S 'V(B; Z, K, Z,,S7 ) (B: Zv K, Z., 57 Y B X o3 —
B, ZyK,Z., X 'V(B; Z,K,Z,%; )\ (B; + H;V,H,) 'B; Zy;,K; Z,,3X ' X i3 —
(BiZyK,Z.,%;'V (B, Zu, K, Z.,.X,"NV(B: Zn K, Z.,.27')YB; ) YV{(B,Z,K,Z,, ")

(B, + H;V,H,) 'H;X .3

After substituting Z/,3;'Z.; = K;' = D' — Z}.Zy;, Z,,K;Z},; = —B; ' + I, and elimi-
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nating terms this becomes
F,=(ZuD2Z,,+ I,)Z,K;Z,,5%7 ' X ;. (D.5)
+(ZyDZy,; + I,)(ZyDZy,; + I;D)ilH'LXci/B
—(ZyDZ,; + 1,)B;Y(ZyDZ); + I,) "H; X ;3
—(ZyDZ,;+1,)B;'Z,,DZ},(Z,DZ}; + I,)""H; X .3

Combing the results of (D.3)),(D.4)),(D.5]), the expected value simplifies to

E[Yyi|Yai < ¢

=E; (H;BglFi +VI'XuB+ H.B'T,[— Fi(o1) — Fa(02) ... ~— Fp(op)})

D.2  Prediction interval

The prediction interval of the expected values of a (sub)vector of the continuous response given
a (sub)vector of the ordinal response is composed by the variability of the observations (second
central moment) and the standard errors of the transformed parameters. We will first derive the

second central moment and then derive the standard errors via the delta method.
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The uncertainty of a new observation is defined as the second central moment

E|:(§;z — E[Yei|Ubi < ¢])(Yei — E[YeilGpi < ¢])’

’gci:"rOO ~ ~
= / (Yei — EYeilUbi < ©)(Uei — E[Yeilyvi <)) [(Yei| Ui < €)dYes

Yei=—00

Yei=—00

gci:+oo ~ ~
= / YeiTei f(UeilUbi < €) + E(Yei|Ubi < ©)E(Yei|Ubi < €)' f(Yei|Ubi < ©)
— (i E(YeilUbi < ) + E(Yei|Ubi < )Tei') - f(Tes|Ubi < €)dTes

Yei=—00 - -
= / YeiUei f(YeilUbi < €)dYei — E(YeilUbi < €)E(YeilYps < €)'

Yei=—00
/ﬂci+00 /’YcibiﬁHiﬂciJrHiifciﬁ 1 1
~ ~
=cC EPEEA y y L
im0 oo (27T)( ;;rm) /‘ViiHBi‘ ctYeq

exp{ -5 ((.17 = X))V (Gei — X i) + (’B;l)) }ddgm-

—E(f’ci@bi < C)E(ffci@bi <ce)

Gei=too =, —Xp:B+H; X i 1 .,
= C/~ / (" +D;) yc'iyc‘i
Yei=—00 =—00 (27T) 2 V |V2HB2|
1/ ~ 1 ~ - _ - -
eXP{ —3 ((yci ~ X BV Yei — X i) + (—HYei' ) B; 1(_Hiyci)) }ddyci
—E(Yei|Ubi < €)E(Yeil Ui < €)'

Yei=too =7~ XuiB+HiXcif3 1 )
- c/ / (m;+p;) ?jcz?jéz
Jei=roe = (2m) 5 VIVAIIBi|
1 Y. : Y, 27 Ve ~ < ~
exp{ ) <(yci — ) E; N (Yei — wi) + Oi) }ddyci — E(Yei|ypi < ¢)E(Yei|Upi < )

where we have substituted = —H;y,;, and further

(Yei — fX/ci/B)IVi_l(gci - }ciﬁ) + (—HYei) By '(—Hiy,;) = (Yei — wi) E; " (Yei — wi) + Oy,

where E;',0; and u; are defined in (D.1)).
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Integrating over y.; yields the following result

E|:(i}c1, — E[Yei|gb: < d) (?cz — E[Yei| g < C]),}

:'ycf)"(hiﬁJrHi}"(ciﬁ 1 A/ E 1
= c/ - B w;uexpy — =0; od
. (2m)% VIVillBil 2
:‘yc—ibiﬁ"l‘Hiiuiﬁ 1 / E ]_
+E;c i 1] expy — 50; pd
=—oo (2m)= VIVil|Bil 2
—E(YeilUpi < €)E(Yeilges < €)'
:76—)~(biﬁ+Hi)~(ci,3 1 E. 1
_ C/ = | 1‘ uzu/iexp - = ((—FZ)/TZ»_I(—Fi) + G; d
o (2m) 7 VIVillBil 2
=v.—XpiB+H ;X .3 1 E. 1
+Eic/ 7 VIE| expq — o | (—F) T (=Fi) + Gy ) ¢d
S (2m)% VIVl Bil 2

—E(Yei|Gbi < €)E(Yei|Upi < €)',

where we have rewritten O; = (—Fi)’Ti_l(—Fi) +G;. In |j F,;, T; and G; are defined.
Integration over yields the following result
E|(Yei — E[YeilUbi < €])(Yei — E[Yeil Ui < C])/}

1 E. =v.—XpiB+H; X8
LB
(271')7 RV |Vz||Bz| =—00

+E,H'B Y (X.8)V;'E;

(EiH;Bi_l’Bi_lHiEi

+E,V'X.8 B 'H,E; + EiV;liiﬂ(X’ciﬂ)’V;lEi))

exp{ - ;(( - Fi)’Ti_l(—Fi))> }d

JVIET, . — _ o
B PN gy X8+ H X B, Ts) — E(Veuliios < B (Voslios < ¢

"VIVilBi]

=E,+EV;'X,8(X.8)V;'E, + E;H,B;! <N +JF, + F;J + F,;F;> B'H,E; +

EV'X.8J By 'H,E; + E;H,B; ' J(X i8) V' E; — E(Yei|Upi < ¢)E(Yei|Ui < ),

where J is the expected value of the truncated multivariate normal density, and IV is the second
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central moment of the latter density. These are defined in
Agresti (2002) derived the distribution of transformed maximum likelihood parameters via

the delta method

G(0) — N(G, (agé‘%)/V r(0) agéa)),

where 6 denotes the parameter vector. We will first sketch the derivative of the expected value
with respect to a coefficient 5.2 of a predictor /)ch of the continuous response and next sketch
the derivation of a coefficient 8y of a predictor 3(/52 of the ordinal response. Next, the gradients
of the variance parameters will be derived. The gradient of a coefficient .2 of a predictor X/Cg

equals the following;:

OBYeiltis <l _ o1z

950 '+ E;H'B7'T,B;\H.E;V'X.

+E;H,B;!

c21
with
0=", —X/bi5+H¢§ciﬁ—Fz‘
i
—~/
A=Y (HX o — TiB; ' HiE; V' X 02:) (v, — X0iB + Hi X i3 — Fi)i., Ty )
k=1

— —_~
XO((v. = XpB+ Hi X3 — Fi)k, Ti ),
_ . _
P (H;X 0 — T By 'H,E; V" X o2)gr(or) — AT [ — Fi(o1)  — Fa(02) ... —Fy(0p)]

( sz/B"’_HchG szT)

Oi41
k(Tk) / / / / [21..2p—10kTp11--25,) o([@1.- Th—10kTp11..25,) , Ti)dw _y,

(z,T;)
90("1/') — ‘b(’Yc Xbm,@+H XczﬁT)7 forw ’7(/ Xbl/@+H Xczﬂ Fl?
0, otherwise

and T'; _yy, is defined in

Next, for a coeflicient [py of a predictor :\X/bg of the ordinal response the derivative is the
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following

.,
— i Xk (ok) — QT [ — Fi(01)  — Fa(0z) ... —Fy(op)]
(v, — X+ H; X8, F;,T,)

OE[Yei|Ubi <

= E;H,B;!
0B ¢

)

where
P — —~ —~ —~ —~
Q=- Z Xioir® (Ve = XviB+ Hi X i3 — F)ie, Ti | P[ (Ve — Xp2iB+ HiXiB — Fi)—ii; T _ ki
k=1

Further, the derivative with respect to the threshold value ~. equals

BTl < I Sy Xyoingi(on) —wTi[ — Fi(o1)  — Fa(02) ... —Fy(0p)]
0 [2=57 =} Oy, — XpB+H; X 06, F;,T;) )
where
P . ~ x X
w= Z O[(Ye = XuiB+ HiXiB — Fi)i, Ti ki | ®[(Ve — X 2B+ HiX i3 — Fi) i T k1)
k=1

The derivative of the expected value with respect to an arbitrary component of D, denoted

by 7 equals
OE[Yei|9bi < N -
% = Ei (V,L 1Xciﬁ+H/B,L- I(Fi—FTi[—Fl(Ol) —FQ(OQ) —Fp(Op)]))—
E(VI'WViVNX.B+ EH, By (Fi+ Ti[— Fi(01) —Fa(02) ... —Fp(0p)])
~E;H(B{'B;B;")(F; +T;[ - Fi(01) — Fa(02) ... —Fy(0p)])+

-1
To allow for a convenient solution for a general case, the following expressions were evaluated

numerically

8Ti[—F1(01) —FQ(OQ) —Fp(Op)] + F;
or

*

tr” =
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In addition,

oD

DY =—
or

B: = BiZy (K.D"'D*D'K,)Z, B,

Vi=Z.DZ,

H} = B Z,K:Z,3;" + BiZuy(K,D"'D'D"'K ) Z,,%;"

Bl =B - VI 'VIVI 4 BB H, + H( - 2 (KD DD UK Z ) H

H;BilH;‘] E,;

Lastly, the derivative of the expected value with respect to O‘zl, the residual variance of

continuous response ci, equals

OE[Yei|Ubi <

e =  E/(V'X.B+HB Y F;+T;[ - Fi(o1) —F(0) ... —Fyop)])—
E,(V7S:ViYX .8+ EH: B{'(F, +T;[ - Fi(0) —Fs(03) ... —Fy(0p)])
—E,H;(B;'B;B;")(F; + T;[ - Fi(01) —Fy(02) .. —Fy(0p)])+

E,H,;B; 'tr*

To allow for a convenient solution for a general case, the following expressions were evaluated

numerically

8Tl[—F1(01) —F2(02) _Fp(op)] —|—Fz
o2

Cc1

tr* =
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In addition,

0%,
St =22
¢ 0dol

K =K,Z >7'S'S7 ' Z K,

B! =B, Z, K Z,B;
H;k = B:ZanlZ;EZ_l +Bz2szr2;zE:1 - BzészzélczEz_lSzEl_l

E;=-E;|-V;'S:V:'+H'B'H, - H B;'B;B;'H, + H.B; 'H; |E,
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E. STANDARD ERRORS OF THE CONDITIONAL PROBABILITY OF THE ORDINAL RESPONSE

CONDITIONAL ON THE CONTINUOUS RESPONSE

The conditional probability can be expressed as follows:

O(v, — X8 — Hi(Joi — X iB); Bs)
—~b — )
O(vh — X4,8 — H}(Yei — X iB8); BY)

f@gz < C|Z;ng¢ < ¢, gcz) =

Once the logit transformation is applied to confine the boundaries within the unit interval, the
confidence interval can be determined using the delta method. Let us assume that z represents
the logit transformation of the conditional probability (3.9). The gradient of a coefficient [S.o

related to a predictor of a continuous response X o can be expressed as follows:

Di
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-2
- (q> [}~ X8 — HY et — X i) Biﬂ)

)

- - 2 - ~
(v~ XbiB—Hi(Yei—XciB); Bi) [ 2(ve—XpiB—Hi(Yei—XiB);Bi)
®(vt—X B~ HY(Jei— X :8):BL") ®(vt—X 8~ H (Jei— X ciB); ")

In addition, B; is partitioned as follows

k k
By Bl
BYY B

B, =

Next, B_y, is defined as

k k) p— k
B_y = BJY - B{Y BB, (E.1)
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which has been retrieved from |Poddar| (2016), in their Appendix A.
Next, the gradient of a coefficient Bys of one of the predictors of the ordinal responses /X/bg is

defined as

0z
0Bp2

= { i X210 [(Ve — XviBB — Hi(Fei — X iB))i; B ] @ [(ve — X5iB — i) —i; B_ ]
k=1
Dyt~ Xy~ H(Gei — Xif3); BY)
b
+ le X [(ve — fgzﬂ — HY(Gei — XeiB)is B
k=1
CI)[(’VIC) - )25118 - Hf(gcz - :\X/ciﬂ))—k; Bb,bk|k]

@[y, — X0 — Hi(Yei — X iB); Bi] }

-2
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P(ve—XbiB—Hi(Yei—XciB); Bi) _ (—XpiB—Hi(Yei—XciB); Bi)
O(vo— Xy, B—H (Fei—X i8);:BY) D(vo— Xy, B—H (§oi— X i8);B)

Similarly, the gradient of the threshold value ~. equals

B N N N
6872 = { Z O[(Ve — X0iB — Hi(Yei — X ciB))is Bro) ®[(X i3 — i) —i; B (E.2)
¢ k=1
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P . ~ - ~
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-2
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To allow for a convenient solution for a general case, the following expressions were evaluated
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numerically
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The gradients with respect to the residual error variance of response c;, o2

-, and an arbitrary

component of the variance-covariance matrix of the random effects 7, equal
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Next, the 95% confidence interval can be constructed as

expit{z + 1.96\/(22) /Var(é) (gg) } (E.3)

where @ signals the parameter vector.
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F. STANDARD ERRORS OF THE CONDITIONAL PROBABILITY OF THE ORDINAL RESPONSE

CONDITIONAL ON THE CONTINUOUS RESPONSE

The standard errors can be calculated via the delta method, in analogy with the standard errors
of (3.9). Let z be the logit transformed conditional probability of (3.10). The derivative of z with
respect to a coefficient B.o of a predictor of the continuous response vector X .o is defined as

follows

0z 1221 Hi X 2i0[(ve — X138 — )i Bii] @ [(ve — X018 — o)k B_jx]

aﬂcZ T e 2 e
(‘I’ [Ye — XbiB — a; Bi]) — ®[ve — XuiB — ;3 By

)

where B_j is defined in |E_TlNext, the gradient of a coefficient [z of one of the predictors of

the binary response vector Xy, is defined as

0z S X2k [ (Ve — XuiB — i)k B ®[(ve — X8 — o)k B_ k]

0Bz — 2 —
& <¢[7C_Xbiﬁ_ai§Bi]> = ®[ve — XuiB - ai; By

The gradient of the threshold value v, equals
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- 2
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e

Next, the gradients with respect to the residual variance of a continuous response ,ogl, and an
arbitrary component of the variance covariance matrix 7 will be derived. To allow for a convenient

solution for a general case, the following expressions were evaluated numerically
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or




REFERENCES 51

The gradients can be expressed as follows

0z —s*
do2 — 2 — ’
' (‘I’[’Yc—Xbiﬁ—ai;Bi]) — ®[ve — XuiB — a3 By
0z —d*

or — 2 —
(‘I’[’Yc - X3 —ai;Bi]) — ®[ve — XuiB — ;3 By

Next, the standard errors can be obtained from the gradients with (E.3).
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G. COMPUTATION OF THE CORRELATION FUNCTION

We will sketch the derivation of the manifest correlations . The expected value of the product
can be written as follows, using the independence of the elements of Y .; and Y; conditional on
the random effects g-dimensional vector of the random effects &,. The coefficients of the random
effects are the ¢ x 1 vector 21,5 for the continuous response and the ¢ x 1 vector for the binary

response 2z9;,. The derivation starts as follows:

EY1ij,Y2i, <
= B¢, [E(Y1ij, Yoinzcl€;)]
= B¢, [E(Y145|€,) E(Yair < c[§;)]

= Eg, [(3’3/11']‘5 + zllz‘jgi) cO(y, — xlzijﬁ - Z/QijSi)]
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—00 s=—00 (27r)‘1/2|D|1/2\/ﬂ 9 \&i i k&
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+oo ¢ 5TV~ T 1 1 s 2
:</ ) / 21 D1/2 eXp{_< 1/2) }
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where

t=s5— Z’zikfi
2
- o S
gD+ 12 = (& —k)[MTE — k) + (L—1/2>
k=M '2},s
M=D"'+ z2ikzl2ik

L=1- ZéikMileik
Next, we integrate over the random effects, which results in
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where u = ;=775 . Integration over u results in the following equation
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Further, consider

|[IM|x |D|x L=1

|M| x |D|=L*
|M x D| = (1 — 2h;, M " z2;,) "
|(D71 + 22ik2%;;,) X D| =1 — 25, (=M + zQikzlzik)ilz%k

[ + Dzai2h;y,| = 1 — 25 (— M + 22i25;3,) ' 220k

T+ Dzoipyyy,| = 1 — 2, (—D ™" — zoinhiy, + 22i2hi1,) 220

[T + Dzaizy| = 1+ 25, D2
The last equation uses the general property that Det(I +uv’) = 1+ u’v(Petersen and Pedersen,

2008). As a result,

_ 1 _ _
EY1Y2ir < ] = 33/12‘;‘5‘1’(’% — xh;,8; L 1) - Zz/lijM 1Z2ik¢(’70 — x5,,8; L 1)- (G.2)

Hence, the covariance equals

1 ~ _
Cov[Yii;Yoir < ¢ = =721, M "Zoind (Ve — @y B L), (G-3)

As a result, the correlation is equal to

_%zllijMilzZikQﬁ(A/c —ahu B L)

PY1ij,Yair<c =

1/2
((z’szlia‘ + 1i5) B(ve — ThyyB; L (1 = (v, — @y, B; Lf)))

G.1 Standard errors

The standard errors of the correlation can be derived by the means of the delta method. First,
the correlation is Fisher z transformed. Then, the standard error of the Fisher Z transformed

correlation z equals
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where 6 signals the parameter vector. Note that @ does not contain the coefficients of the con-
tinuous response(s).
Next, the gradient for a coefficient of an arbitrary predictor for the ordinal response Xoo

equals
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Further, the gradient for the threshold value v, equals
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In addition, the gradient for 7, an arbitrary component of the random effects variance-

covariance matrix equals
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where

_op
oo’
L =20, M 'D;'D*D;; ! M~ ' 25,

L (y. — !, ’
G — W¢(\/E(% - wzmﬁ))-

D*

Lastly, the gradient with respect to O’%ij equals
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H. CASE STUDY: POST-OPERATIVE FUNCTIONING

H.1 Point-Biserial Correlations

Table 6. Point-Biserial Correlations between ADL (higher: lower functioning) and MMSE (cognitive
impairment)

Panel A: Correlations between ADL and the event of having severe impairment.

Time(Impairment)
Time (ADL) 1 3 5 8 12
1 0.57 [0.37;0.72] 0.50 [0.27;0.67]  0.62 [0.43;0.75]  0.70 [0.53;0.82]  0.54 [0.27;0.73]
5 0.62 [0.43;0.76] 0.53 [0.32;0.70]  0.62 [0.43;0.75] 0.76 [0.62;0.86] 0.61 [0.36;0.78]
12 0.74 [0.55;0.86] 0.58 [0.31;0.76]  0.65 [0.42;0.80] 0.74 [0.55;0.86] 0.64 [0.40;0.80]
Panel B: Correlations between ADL and the event of having impairment.
Time(Impairment)
Time (ADL) 1 3 5 8 12
1 0.65 [0.48;0.78] 0.66 [0.49;0.79]  0.58 [0.38;0.73] 0.64 [0.45;0.78] 0.64 [0.40;0.80]
5 0.64 [0.46;0.77] 0.68 [0.51;0.80]  0.63 [0.44;0.76] 0.74 [0.59;0.85] 0.78 [0.61;0.88]
12 0.72 [0.53;0.85] 0.71 [0.50;0.84]  0.76 [0.58;0.86] 0.78 [0.62;0.88] 0.80 [0.64;0.89]

H.2 SAS code for the joint model

Obs ID | SEX AGE ADLTOT1 ADLTOTS ADLTOT12 MMSE1 MMSE5 MMSES | MMSE12

11 1 74 20 9 7 28 28 26 25
2 2 2 67 16 11 . 25 23 27
3,3 1 67 13 9 . 26 29 27
4 4 88 17 14 15 25 27 27 25
5 6 87 17 17 . 16 19 17

Fig. 2. First five observations in the dataset.

The first five entries from the dataset are illustrated in Figure 2] Each subject occupies a single
row within the dataset. To facilitate data analysis, we intend to restructure the data, converting
it into a ‘long’ format where each observation corresponds to a separate row. Achieving this

transformation can be accomplished using the subsequent SAS code snippet:
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DATA g.long_s;

SET g.wide_s;

time = 1 ;

ADLTOT=ADLTOT1;

MMSE=MMSE1;

OUTPUT ;

time = 3;

ADLTOT=. ;

MMSE=MMSE3;

OUTPUT ;

time = 5 ;
ADLTOT=ADLTOTS5;

MMSE=MMSES5;

QUTPUT ;

time = 8 ;
ADLTOT=.;

MMSE=MMSES;

QUTPUT ;

time = 12 ;
ADLTOT=ADLTOT12;

MMSE=MMSE12;

OUTPUT ;

keep ID SEX AGE time ADLTOT MMSE;

RUN;

Obs | ID SEX | AGE time ADLTOT MMSE

1 1 1 74 1 20 28
2 1 1 74 3 . 28
31 1 74 5 9 28
4 1 1 74 8 . 26
5 1 1 74 12 7 25
6 2 2 67 1 16 25
7 2 2 67 3 . 25
8 2 2 67 5 11 23
9 2 2 67 8 . 27
10 2 2 67 12

Fig. 3. Sample of the dataset in a ‘long’ format.

The result is presented in Figure [3] We will now transform the MMSE variable in a clinically

relevant ordinal variable.




REFERENCES 99

data g.long_s;

set g.long_s;

length impairment $6;

if mmse>23 then impairment=’2’;

else if mmse>17 then impairment=’1’;
else if mmse>0 then impairment=’0’;
run;

Subsequently, another round of data transformation is conducted. In order to fit a joint model,
the data needs to have a single line for each measurement for each response. Furthermore, the
identification of the appropriate link function and distribution for each observation is also re-
quired. Next, dummy variables were created for both gender and time. Additionally, the time
variable was divided by 100 with the intention of increasing the variance of the random effects.

This facilitates achieving convergence in the modeling process.

data g.analysis_s;
set g.long_s;
length distvar $11;
length response 8;
length linkvar $11;
length var $20;
response = ADLTOT;

var=’ADLTOT’;

distvar = "Normal";
linkvar = "IDEN";
output;

response = impairment;
var=’impairment’;

distvar = "multinomial";

linkvar = "CPROBIT";

output;

keep ID SEX AGE TIME distvar response var linkvar;
run;

data g.analysis_s;

set g.analysis_s;

SEX=SEX-1;

if time=5 then time_5b=1; else time_5=0;

if time=12 then time_12=1; else time_12=0;
time_d100=time/100;

run;
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Obs | ID SEX | AGE | time | distvar response | linkvar var time_5 | time_12  time_d100
1)1 0 74 1 | Normal 20  IDEN ADLTOT 0 0 0.01
2 1 0 74 1 | multinomial 2 | CPROBIT | impairment 0 0 0.01
3.1 0 74 3 | Normal .| IDEN ADLTOT 0 0 0.03
4 1 0 74 3 | multinomial 2 | CPROBIT | impairment 0 0 0.03
51 0 74 5 | Normal 9  IDEN ADLTOT 1 0 0.05
6 1 0 74 5 | multinomial 2 | CPROBIT | impairment 1 0 0.05
701 0 74 8 | Normal .| IDEN ADLTOT 0 0 0.08
8 1 0 74 8  multinomial 2 | CPROBIT | impairment 0 0 0.08
9 1 0 74 12 Normal 7 | IDEN ADLTOT 0 1 0.12
10 | 1 0 74 12 | multinomial 2 | CPROBIT | impairment 0 1 0.12
11 2 1 67 1 Normal 16  IDEN ADLTOT 0 0 0.01
12| 2 1 67 1 | multinomial 2 | CPROBIT | impairment 0 0 0.01
13| 2 1 67 3 | Normal .| IDEN ADLTOT 0 0 0.03
14| 2 1 67 3 | multinomial 2 | CPROBIT | impairment 0 0 0.03
15| 2 1 67 5 | Normal 11 | IDEN ADLTOT 1 0 0.05

Fig. 4. Sample of the dataset after data manipulation.

The result is shown in Figure [4 Finally, we fit the joint model with PROC NLMIXED. Starting
values are obtained from the univariate models and the joint model with a looser convergence

criterion.

proc nlmixed data=g.analysis_s qpoints=20 maxiter=1000
maxfunc=10000 technique=quanew cov;

parms
gammal = -20.2253

gamma2 = -17.716
betal_time= 0.04737
betal_fem = -0.4749
betal_age = -0.2298
sigma2 = 3.038746
beta2_1 = 3.2973
beta2_timeb = -2.6919
beta2_timel2= -3.6249
beta2_fem = -1.6175
beta2_age = 0.2048
taul = 9.5815
taul2 = 2.9075
tau2 = 62.9913
tau3 = 7.2346
tau34 = 10.4628
taud = 695

tau3l = -5.7428

tau32 = 2.353
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tau4dl = -7.11
taud?2 -1.21891

eta = betal_timex*time+betal_fem*SEX+betal_age*AGE+
a+b*time_d100;
if var=’impairment’ then do;
if response =0 then do;
1lik = cdf (’NORMAL’, (gammal-eta));
end;
if response =1 then do;
lik = cdf (’NORMAL’, (gamma2-eta)) -
cdf (’NORMAL’ , (gammal-eta)) ;
end;
if response =2 then do;
lik = 1 -cdf (’NORMAL’, (gamma2-eta));
end;
11 = log(lik);
end;
if var=’ADLTOT’ then do;
mean = c+dxtime_d100+
beta2_1+beta2_timeb*time_b+beta2_timel2*time_12+beta2_fem*SEX+beta2_age*AGE;
dens = -0.5%1log(3.14) - log(sqrt(sigma2)) -
0.5%(response-mean)**2/ (sigma?2) ;
11 = dens;
end;
model response ~ general(ll);
random a b ¢ d”
normal([0,0,0,0], [taul,taul2,tau2,tau3l,tau32, tau3,taudl,taud?2,tau3s,taud])
subject = ID;
where var=’ADLTOT’ or var=’impairment’;
ods output parameterestimates=g.parms_joint CovMatParmEst=g.covb;
run;
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